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”To decide, whethera numberof 15-or 20-digitsis a primeor not, it is notenoughevena lifetime, nomatter

howweuseall of our knowledge” – Marin Mersenne, 1644.

Abstract

In thispaperweusetheMaple1 softwareto bringtheromanticworld of primenumbers
closer. We discussthe most importantresultsandtheir applicationin the Maple system.
Moreover a new, interestingresultwill be presented:a formula, which producesa lot of
primes.

1 Introduction

The investigationof prime numbershasalways beena very interestingresearchfield in the
historyof mathematics.Throughmany centuriesalot of greatmathematicianstriedto solvethe
problemsrelatedto thesenumbers,but in spiteof thistherehaveremainedeventodayimportant
openquestions.

Thetheoryof primenumbersplaysanimportantrole in theuniversitymathematicseduca-
tion, but this field is noteasyto demonstratewith thetoolsof traditionaleducation.

In this paperwe presentthemostimportantresultsfrom prime theoryandits applications
in Maple. Our purposehereis not to studythe wholenumbertheory, the considerationis re-
strictedto this specificfield. Thus,sometimeswe omit very importantrelatedresults(suchas
geometricalconnections),or we usesomenotionswithout deeppreparation(suchascongru-
ences,numbertheoreticalfuntions). For similar reason,usually the proofsareomitted,most
of thesecanbefound in any thoroughtext-book,e.g. in [4] and[6]. In somecases,wherethe
proof is shortanduseful,it will bepresented.However, therearesomeresultstoo, theproofof
which is extremelydifficult. In thesecasestext-booksusuallyreferto anoriginal source.

Throughour discussionwe presentthe short history of this field, with the namesof the
importantauthors.More historicalresultscanbefound,besidesthetext-bookse.g. in [8], [9]
and[11].

The illustrationof theoreticalresultscontainsMapleexamplesandshortprograms.These
partssuppose,thatthereaderhassomeMaplelanguageexpertise.Thoroughdescriptionof the
useof Maplecanbefounde.g.in [2], [3] and[10].�
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Prime numbers and irreducible numbers
We considerin thefollowing integernumbers,i.e. numbersin

�
. If a number� is a divisor

of � , wedenoteit by ��� � .
DEFINITION 1. Prime property
For a number�	�
���
�������
 let ������������� . If from this ����� or ��� � follows, thenwe call the

number� aprimenumber.

DEFINITION 2. Irreducible property
Wecall anumber���
 ��
!�"����
 irreducible,if from � 
 �#�$� follows � ��� 
%
 or � ��� 
%
 .
THEOREM 1.
A numberis primeif andonly if it is irreducible.

REMARKS

1. This theoremusuallydoesnot hold if we leave thering
�

. It is truein every case,thata
primeelementis irreducible.But theotherdirectiongetsviolatedin many rings. For example
in
�'&)( *,+

thenumber
( *

is irreducible,but
( * �.-/��0 doesnot imply, that

( * �.- or
( * � 0 .

2. Not primeelementsarecalledcompositenumbers.

THEOREM 2. The base theorem of number theory
Every numberdiffer from 0, -1 and1 can be written as the productof finite irreducible

numbers.Thisfactorizationis uniqueregardlessof thenumbers1, -1 andtherankof thefactors.

In theMaplesystemwecanfactorizeanumberwith thefunction ifactor .

> ifactor(123456789012345678901 23456 7890 );�1-!����21�435�16!���17���� 
 21����2 
 ����217��8�1- 
9
 ����-90 
 �8�1-!: ��;�
<;�
 ���!2 * � 2����!2 ;!� 7��8�1- 
<;�
 �
2 Important properties of prime numbers

Results in the ancient time

THEOREM 3.
Thenumberof primesis infinite.
PROOF. (By EUCLID)
Let usassume,that thereareonly finite primenumbers,�>= � �@? ��ABA�AB� ��C . Let usconsiderthe

numberD 
 �>=E�F�G?H� A�A�A �F��CJI 
 . This numberis not divisible by theprimeslistedabove,and
thenumberD is not listedasaprimenumber, soit cannotbewritten in theform of Theorem2.
But this is notpossible,thus D is anew primeitself, or theproductof new primesnot listed.

> ifactor(2*3*5*7*11*13*17+1); � 
 :1����:17!���1-�7�7��
PROPOSITION 1.
If a numberK hasaprimedivisor �MLNK , thenit hasaprimedivisor �O=QP & ( K + .
Using this result,we areableto specifytheprimenumbersuntil K , if we know theprimes

until
& ( K + . Thefollowing methodis calledthesieveof ERATOSTHENES aftertheauthor.

Let uswrite thepositive integernumbersbeginningwith 2 (or 1). Let usconsiderthefirst
numberin the list (we eraseandskip thenumber1), anderaseits multiples. After it we take
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thefollowing non-erasednumberin thelist, andrepeattheprocedure.If wereachanon-erased
numbergreaterthan

( K , thenthesieving is complete.

After theseresultstherewasonly very limited developmentin the prime numbertheory
until the 
 7 th century, FERMAT’s time. In thefollowing themostimportantresultsof thepast
four centurieswill besummarized.

The number of primes
Let usdenotethenumberof primeelementsless-equalto R by ST�URO� , where R is a positive

realnumber. Fromtheresultof EUCLID follows, that ST�URO�QV W , if RXV W . AlreadyEULER

noted,that Y[Z[\^]�_'`ba,c ]�d] 
e� . Thiswasfirst provedby LEGENDRE.
Thefollowing very importanttheoremwasconjecturedin thelate1790sby LEGENDRE and

GAUSS, andfirst provedby HADAMARD andDE LA VALLÉE POUSSIN (1896)with extremely
complicatedmathematicaltools. Elementaryproof wasgiven first by PAUL ERDŐS and A.
SEELBERG (1948).

THEOREM 4. The big prime number theoremST�fRO�Tg RYihQR A
REMARKS

1. Thenotation g means”asymptoticequal”i.e.

Y[Z[\]�_'` ST�URO�]j�k ] 
l
!A
2. Let us denotethe K th prime numberby �GC . From the result of the theoremfollows�GC#gmKnY[hQK .
3. Theapproachpresentedin Theorem4. canbeimprovedwith

So�URO�ogqp ]? r1sY[h s A
To illustratetheresultsof thetheoremwith Maple,wewrite thefunction ST�fRO� , anddelineate

it with ]j�k ] in a logarithmiccoordinate-system.

> a[2]:=0:
> for i from 3 to 10000 do a[i]:=a[i-1]:
> if isprime(i-1) then a[i]:=a[i]+1 fi:
> od:
> pi:=x->if x=trunc(x) then a[x] else a[trunc(x+1)] fi:

> with(plots):
> loglogplot(\{x/ln(x),pi(x)\}, x=1.2 ..50 0,y=1 ..20 0);

By studyingthefigurewe canseethestepfunction-like behaviour of ST�URO� (plottedabove),
andthe fact, that for larger numbersboth of the functionsfit tight the sameasymptoticline.
However, betweentwo asymptoticequalfunctionsit is allowedto bevery largedifferences.
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1.

10.

100.

y

10. 100.
x

> pi(10000); evalf(10000/ln(10000));
 -!-!:
<� * 6 A 7!2 ; - � 6
> ""/"; 
�At
 2 
 :16 � * 2 

To point 2. of the Theorem,we can producethe u th prime numberwith the function

ithprime .

> ithprime(1000), evalf(1000*ln(1000));7!: 
 : �G; : � 7 A 7�6�6!-�7!:
THEOREM 5. (Firstprovedby EULER)
Thesumof thereciprocalvalueof primenumbersis infinite, i.e. v =w 
 W .

REMARKS

1. Comparingwith thesumof thereciprocalvalueof squarenumberswegetS ?; 
ex 
K ? L x 
� 
 W �
sotheprimenumbersaresituatedmoredensely.

2. It is truemoreover, that xw�y C 
� gzY[h{Y[h{K A
Similarly asabove,wewrite thefunctions v =C�| and v =w to testtheir behaviour.
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> sumsquare:=x->sum(1/nˆ2,n=1.. x);}�~���}B�B~G�!���#� 
 R�V ]xC<�O= 
K ?
> sumprime:=x->sum(1/ithprime(p ),p=1 ..x) ;}�~��������f���n� 
 R�V ]xw �O= 
Zi���G�G��Zi\��9�����
> evalf(sumsquare(1000)), evalf(sumprime(1000));
�A�; 012�:�2!016 ; * � - A 016�790 
�
 -�7�7
Thefunction Y[h{YihQR growsveryslowly.

> evalf(ln(ln(1000))),evalf(ln( ln(10 0000 0)));
�A :!21- ; 0�017!2!0 � - A�; -�6�7!: 
 : 
 6
The distance of primes
Analysingtheresultof Theorem4.,weconcludethattheprimesgraduallybecomerarerand

rarer(on the average).Their distribution is neverthelessirregular. For exampleit is obvious,
that thesequence��K�I 
 �F��I�- � �UK�I 
 ���!I�2 ��A�A�A�� �UK�I 
 ���!I�K�I 
 containsno primes,at the
sametimeweknow very largeconsecutiveprimes.

Letusdenotethedifferenceof the K th and ��K �^
 � thprimenumberby r C , i.e. r C 
 �GC � �GC,�@= .Therearevery importantresultsfor largeandsmallprimedifferences.
FromTheorem4. follows thatgivenanarbitrarysmallnumber� thereareinfinitely many

numbersK for which
a) r C��q� 
�� �!��YihQK ,b) r C�L%� 
 I�����YihQK .One of the important resultsfor large prime differenceswas statedby BERTRAND and

provedby CSEBISEV, namelyif K is apositive integer, thenthereis always(at leastone)prime
numberbetweenK and -9K . We know moreover, that thereexistsa constantnumber� , that for
every suitablelargenumberK satisfiesr CXL K>¡ , e.g. � 
 2 *�¢ ;�
 canbewritten. It is anopen
question,however, that betweentwo consecutive squarenumbersfalls in every casea prime
number.

If r C 
 - , thanwecall thenumbers��C and�GC9�@= twin primes.It is averyold conjecture,that
thereareinfinitely many twin primes.Let usdenotethenumberof twin primeslessequalthanR by D£�fRO� . Themostimportantresulthereis, that thereexistsa positiveconstant� , for whichD£�URO�QL¤� ]j�k | ] . Consideringtheprimenumbertheoremthismeansthat D¥�URO� is smallcompared
with ST�fRO� .

To collectobservationswith Mapleabouttheprimedistanceswe canwrite programswith
thetoolsreviewedabove. Herea simpleexamplewill bepresented,searchingtwin primesin a
giveninterval.

> twinprimes:=proc(a,limit)
> local i,prev,act;
> prev:=isprime(a);
> for i from a by 2 to a+limit do
> act:=isprime(i);
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> if prev and act then lprint(i-2,i) fi; prev:=act
> od
> end:

> twinprimes(10ˆ9+1, 1000);

1000000007 1000000009
1000000409 1000000411
1000000931 1000000933

To find theprimeneighboursof anarbitrarynumberwecanusethefunctionsprevprime
andnextprime , too.

> b:=12345678901234567890:
> prevprime(b), nextprime(b);
 -!2!016 ; 7 * : ��
 -!2!016 ; 7 * 79: �¦
 -!2!0§6 ; 7 * : �¨
 -!2!0§6 ; 7 * : 


3 Prime formulas

Thegreatmathematiciansfor centuriesweretrying to give formulas,which would alwayspro-
duceprimes,or at leastinfinitely many primes. For the secondpart of this questiona nice
answerwasgivenby thefollowing theorem,whichanalysestheoccurenceof primenumbersin
arithmeticsequences.

THEOREM 6. (BY DIRICHLET)
Let � and � beintegernumbers,for whichgcd��� � ��� 
l
 . In this casethesequence���,©ªI«�

producesinfinitely many primes �¬© 
l
�� - ��A�A�A � .
REMARKS

1. As specialcasesof Theorem6., thereare infinitely many primesin the form 0§© � 
 ,0§©ªI 
 , ; © �¤
 , ; ©ªI 
 .
2. Wecanrephrasetheresultsasfollows: thepolynomial ��R­I�� with gcd��� � �®� 
 
 produces

infinitely many primes.In this context wecanformulatesomeotherquestions,e.g.
a) Is therea polynomialin theform �1R ? I«��R�I«� , whichproducesinfinitely many primes?
b) Is thereapolynomialwhichalwaysproducesprimenumbers?
In the first caseit is easyto prove, that necessaryconditionsare the irreducibility of the

polynomialandgcd��� � � � �B� 
%
 , but thecompleteansweris still unknown. To questionb), for�¯�fRO� 
 �1C,R C I A�A�A I°�G=±R^I«�1² 
 R­����C9R C9�@= I A�ABA I«��=���I«�1²
if �1² 
³� then R´� �¯�URO� , if �1²M�
³� then �1²�� �¯���1²F� , so theansweris no. This answerwasalready
givenby LEGENDRE.

Therearesomepolynomials,whichseemto begoodfor a lot of substitutionvalues.EULER

haspresentedtheexampleR ? I�R�I£0 
 , whichproducesprimenumbersfor R 
e����
�� - ��A�A�AF� 2�: ,
however for R 
 0 ��� 0 
 andotherlargervalueswegetcompositenumbers.
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> p:=x->xˆ2+x+41:
> for i from 0 to 45 do
> if not isprime(p(i)) then lprint(i,p(i)) fi:
> od;

40 1681
41 1763
44 2021

In spiteof theanswergivenfor partb), theoreticallyis it possibleto give a formulawhich
alwaysproducesprimenumbers.In 1947H. M ILLS proved,thatthereexists a realnumberµ ,
for which

& µ 3·¶ + is alwaysprimefor anarbitrarypositive integer K . However, we do not know
thevalueof this number.

Fermat numbers
Ontheway to find aprimeformula,in the1640sFERMAT drafted,thatthenumbers- ? ¶ I 


arealwaysprime. He established,that besidethe small numbers- = I 
!� - ? I 
�� -,¸'I 
 and-9¹oI 
 still - =�º I 
 is a prime,too. With thenumber- 3 ? I 
 heandhis contemporariescould
not reachany result,only in roughly 100 yearsit wasprovedby EULER that641 is a divisor
of - ?±» I 
 (with establishingfirst, thata divisor mustbe in the form ; 0§©^I 
 ). Nowadayswe
know moreover, that theFermatnumbersfor K 
³;�� 7 ��A�A�A�
 : andfor moreother K valuesare
notprimes.Wedo notknow however, if thereareanotherFermatprimesor not.

To producethe Fermatnumbersin Maple we usethe functions fermat or F from the
packagenumtheory .

> with(numtheory):
Warning, new definition for order
> 2ˆ(2ˆ‘5‘)=F(5), ifactor(fermat(5));- c ?±»·d 
 0§-!:!01: ; 7�-!:17 � � ; 0 
 ��� ; 7 ��� 0 
 7��
> F(8);
�
 6�7!:�- � * :1-9217!2 
<;¨
 :1690§-9216�7 � : * 6 ��� * ; * 79: � 7 * 6!21- ; :�: * 0 ;�; 6 ; 0 � 6 ; 0 � 2�:!016!7�6 * 0 ���1¼7!: 
 2 
 -!: ; 2�:!:�217
> isprime(fermat(8)); ½ �!¾�}<�
REMARKS

1. If ©¿�
 - C , then D 
 -9ÀTI 
 cannot beprime. In this casetheexponentcanbewritten in
theform © 
 -9Á��<Â , where Â is anoddnumber. ThusD 
 - À I 
J
 - ?·ÃiÄ Å I 
�
 ��- ?·Ã � Å I 
 Å 
 �¬- ?·Ã I 
 �B�Æ�¬- ?·Ã � Åo�@= � I A�A�A I 
 Åo�@= � �
i.e. D is divisibleby ��- ? Ã I 
 � .

2. TheFermatprimesplay a very importantrole in geometryin relationwith theconstruc-
tion of regularpoligons(GAUSS, seee.g.in [9]).

Mersenne numbers
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After a few yearsof FERMAT’s notice,MERSENNE publishedhis examinationrelatingto
thenumbersin the form -9Ç �È
 . He declared,that thesenumbersareprimesif andonly if the
exponentis - � 2 � 6 � 7 �B
 2 ��
 7 ��
 : � 2 
��"; 7 �B
 -�7 or -�6�7 – assumingthat the exponentis lessequal
than -�6�7 (it wasknown alreadyin that time, that if ©¯��É , then -9À ��
 ��- Ç ��
 , thus - Ç ��
 canbe
only prime,if É is prime).His assertionwasnotentirelycorrect,but thefirst mistakewasfound
only aftermorethan200years.É. LUCAS provedin the1870sthat - º±Ê �¤
 is not prime.After
this someothermistakeswerefoundin thelist.

Thenumbersin theform above arecalledMersennenumbers,andif they areprimes,then
theirnamesareMersenneprimes.Nowadaysweknow morethan30 Mersenneprimes.

To producetheMersennenumbersin MapleweusethefunctionsMor mersenne from the
packagenumtheory . The result is the false valueif the currentMersennenumberis not
prime.Usingthefunctionswith doubleparentheses� & u + � wegetexactlythe u th Mersenneprime.

> mersenne([9]); -92 � 6 * 0�2 ��� :1- 
 2 ; :�2!:16 

> 2ˆ9-1, M(9); 6 
�
!� ½ �!¾�}<�
> M(127); 
 7 ��
 0 
�
 * 290 ;�� 0 ; :1-!2 
 792 
<; * 792 � 2�7 
 6 *�* 0 
<� 697�-�7
With thesetoolsweareimmediatelyableto find somemistakesin MERSENNE’s list.

> 2ˆ67-1, mersenne(67);
 0§7�6!7!2�:16�-!6 * : ; 7 ; 0 
 -!:�-�7 � ½ �!¾�}<�
> M(89); ;¨
 * :17 �!��
 : ; 01- ; : ��
 21790�01:�6 ; - 
�
!

REMARK

In the modernhistory of mathematicsthe largestknown primeswere always Mersenne
primes.For examplefrom 1772throughacenturythenumber- 3 = �Ë
 (provedby EULER), until
1950the number - =�?±Ê �z
 (provedby É. LUCAS andE. FAUQUEMBERGUE). After this time
moreMersenneprimeswerefoundwith computers,in thepastfew yearssince1985thelargest
was - ?�=�º·²·Ì�= �¤
 . From12.01.1994thelargestis - ¹·Í Ì ¸ 3·3 �¤
 .

Perfect numbers
We call a numberperfect,if thesumof its divisors– not consideringthenumberitself – is

thesameasthenumber(or usingthenumbertheoreticalfunction Îo�UK�� – thesumof divisors–Îo��K8� ¢ K 
 - ). For examplefor 6, 
 IÏ-�IË2 
e; . Suchnumberswerealreadyinvestigatedby the
ancientGreeks,thenotionwasfirst mentionedby PLATON. Until theMiddle Agesmysterious
propertieswereatributedto perfectnumbers.It is not hardto prove, that an even numberis
perfectif andonly if it is in theform of -,Ð �@= ���¬-,Ð �Ñ
 � , where ��-,Ð �Ñ
 � is aMersenneprime.Thus
theinvestigationof perfectnumbersis closelyrelatedwith Mersenneprimes.Thefirst 4 perfect
numberswerealreadyknown by the ancientmathematicians,additional3 werediscoveredin
the 15-16thcentury, till MERSENNE’s time. We know, that the last digit of an even perfect
numbermustbe6 or 8.
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Until now nobodycouldfind any oddperfectnumber, andit seems,that in thenearfuture
we have no hopeto prove, that an odd perfectnumbercould not exist. In any case,if such
numberexists,it mustbevery large...

To theexaminationof theperfectnumberswith Maplewecanusethefunctionsigma . Fast
”control” canbedonewith thefunctiondivisors .

> c:=2ˆ12*(2ˆ13-1), sigma(c)-c;� � 
 2�216�6 � 2�2 ;�� 2�216�6 � 2�2 ;
> divisors(8192);Ò 
�� - � 0 � * ��
<;�� 21- �¦; 0 ��
 - * � 6 
 - �8
<� -90 � 0 � : ;�� -�6 ;¨� - � 0 * � * 
 :1-�Ó
We call a number© -timesperfect,if Îo�UK�� ¢ K 
 © for ©¿Ô � . Thesenumberswerealready

investigatedby MERSENNE, DESCARTES andFERMAT. Nowadayswe know already334 © -
timesperfectnumbers,until thevalueof © 
 * ([4]).

> d:=1476304896, sigma(d)/d;

r � 
 
 0§7 ; 2 � 0 * : ;�� 2With thegeneralizationof thisnotionwecaninvestigate”perfect-like” numbers,wherethere
is a relationbetweenthesumof divisorsnot consideringthenumberitself ( r 
 Îo�UK�� � K ) and
thenumberK , suchas r ¢ K 
 � ¢ � or r 
 K � � , where � and � are(positive) integers.

> e:=3ˆ2*(3ˆ3-1), (sigma(e)-e)/e;Õ � 
 -!290 � 0 2
Wehaveuseda Mapleprogramto producethefollowing results:

Relation Numbers

r 
 K 6, 28,496,8128

r ¢ K 
 - 120,672r ¢ K 
 2 30240,32760

r ¢ K 
 0 ¢ 2 12,234r ¢ K 
 6 ¢ 2 84,270,1488,1638,24384r ¢ K 
 7 ¢ 6 30,140,2480,6200,40640

r 
 K �¤
 1, 2, 4, 8, 16, . . .r 
 K � - 3, 10,136

Someresultsin this tabular areobvious,e.g. in theline r 
 K �¤
 therearepure2 powers,
since -9À 
l
 Ib-'I«- ? I A�A�A Ib-9À �@= .
4 Primality testing and factorization

Givena numberK , it is a very importantquestion,how to constructits completefactorization
accordingto Theorem2. Up to the 
 :16 � s,this processwasusuallyverycircumstantial– andin
mostof thecasesunsuccessful– for largenumbers.In spiteof this a numberof very important
theoreticalresultswerepublishedalreadylong before(e.g. by FERMAT). However, thesignif-
icantdevelopmentin this field practicallystartedwith theappearanceof computers.Similarly
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asbefore,wepresentonly themostimportantresultsandonly someof theproofs.Weomit the
exactbehaviour-analysisby themethods.Detailedtheoreticaldiscussioncanbefounde.g. in
[1].

The basic algorithm
A traditionalmethodfor thefactorizationis thetrial divisonwith theprimes- � 2 � 6 � 7 �B
�
���
 2 ��
 7 ��ABA�A ,

or with thenumbers- � 2 � 6 � 7 � : �B
�
���
 2 ��
 6 ��ABA�A , which is easierto programize,but wegetthere-
sult slower. Analysingthis algorithm(e.g. its simplifiedMaple-formbelow) we conclude,that
it worksusablein our PC’s if theorderof K is maximum 
<� =�º ��
<� = ¹ , or if theorderof thedi-
visor is maximum 
<� ¹ �b
<� Ì . For largernumbersthealgorithmusuallyslowsdown hopelessly,
becauseof the lot of divisions. In a fastercomputerwe canmake this situationbetter, but the
improvementwill notbespectacular.

In the following examplewe searchfor the prime divisors of an odd numberwith trial
divison.Wecangetthesameresultusingthe ifactor functionwith theoption ’easy’ .

> basic:=proc(n,limit)
> local i,s,a;
> s:=NULL; a:=n;
> for i from 3 by 2 to limit do
> if a mod i = 0 then a:=a/i; s:=s,i;
> while a mod i = 0 do a:=a/i; s:=s,i od
> fi
> od; print(s,a)
> end:

> b:=1234567890123456789:
> basic(b, 4001); 2 � 2 ��
<��
�� 216,0 
�� 2 ;!� 7 � 2 * � 2 � -�7!: ;�

> ifactor(b,’easy’); ��21� ? � 
���
 ����2 * � 21����2 ;�� 7!���1-�7!: ;�
 ���!21690 
 �
Let us assume,that the number K is very large, it containse.g. 
<��� decimaldigits. In

this casewe apply the basicalgorithmto separatethe ”small” factorsup to the orderof ap-
proximately 
�� Ì . After this we examinethe remainingpart further with additionalmethods,
discussedin thefollowing subsections.

4.1 Prime tests

Let K beanoddnumberaftertheseparationof thesmallfactors.Firstwehaveto decide,if this
numberis primeor not.

A test based on Fermat’s little theorem
AlreadyFERMAT hasprovedthefollowing very importanttheorem:

THEOREM 7. FERMAT’s little theorem
If � is aprimewhich doesnotdivide � , then � w �@=´Ö 
 � mod � ).
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REMARK

This theoremis a specialcaseof a theoremof EULER, which assertsfor relatively prime
integers � and Â , that �1× c Å�d^Ö 
 � mod ��� , wherethe function Ø­��K�� givesthe numberof the
relativeprimepositive integerslessequalto K .

FERMAT’s theoremgivesa very effective tool to filter out mostof thecompositenumbers.
If e.g. - C9�@=�Ö ¢ 
 � mod K8� , thenweknow surely, thatthenumberK is composite.

> 2ˆ118 mod 119; 2 �
Thoughthecomputingof thesepowersseemsto bedifficult, thereareveryefficientandfast

algorithmsfor this ([1], [8]).
In Maplewecanusethemoreefficientmodpandpower functionsinsteadof thetraditional

poweroperator. Thus,wecanprove immediately, thatthe 6 th Fermatnumberis notprime.

> 3ˆ(2ˆ32) mod (2ˆ32+1);
Error, integer too large in context
> modp(power(3,2ˆ32),2ˆ32+1); 2 � -!: � - ;�
<;��
Unfortunately, thereverseof thetheoremdoesnotholdentirely. Soif weget - C,�@=�Ö 
 � modK�� , thenin spiteof this is it possiblefor K to bea compositenumber. SuchnumberK is called

a pseudoprime(in base - ). The pseudoprimesare fairly rare, analysingthe chanceof their
occurencecomparedto theprimeswe getat mosta few perthousand.

> pseudo:=proc(n)
> local i,s;
> s:=NULL;
> for i from 3 by 2 to n do
> if not(isprime(i)) and (2ˆ(i-1) mod i)=1 then s:=s,i
> fi
> od;
> RETURN(s)
> end:

> s1:=pseudo(3001)É 
 � 
 2!0 
�� 6 ;�
��¦; 0§6 ��
�
<� 6 �>
 2 * 7 �>
 7�-!: ��
 : � 6 � - � 0§7 � -90 ; 6 � -�7 ��
�� - * - 

Moreover, additionalpseudoprimescanbeunveiledchoosinganotherbaseinsteadof - , such

as 2 � 6 � 7 ��A�ABA .
> 3ˆ1386 mod 1387, 1387=ifactor(1387);* 7�6 �8
 2 * 7 
 � 
 :1���17921�
Therearehoweversuchextremenumbers(calledCarmichaelnumbers),which arepseudo-

primesin all bases,which arerelative prime to all of their divisors. Thesenumbersarevery
rare,thechanceof choosingsucha (notverysmall)numberis lessthanapproximatelyoneto a
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million. Thefirst suchnumberis 6 ;�
 . TheCarmichaelnumbershave at least3 differentprime
divisors,sooneof theirdivisorsis lessthan Ù( K ([8]).

WecansearchtheCarmichaelnumberswith thefollowing smallprogram,theinputparam-
eterof which is asequenceof pseudoprimes.

> carmic:=proc(s)
> local s2,i,n,j,carm;
> s2:=NULL;
> for i from 1 to nops([s]) do
> carm:=true: n:=trunc(sqrt(s[i])):
> for j from 3 by 2 to n do
> if modp(power(j,n-1),n)<>1 and (n mod j)>0 then
> carm:=false fi
> od;
> if carm then s2:=s2,s[i] fi
> od;
> RETURN(s2)
> end;

> carmic([s1]); 6 ;�
��8
 2 * 7 ��
 7�-9: �8
 : � 6 � - * - 

If a number K passesthroughthe filters - � 2 � 6 and 7 thenit is recommendedto stopthis

method.Therearesomeothermethodsto unveil suchcompositenumbers.

A strong pseudoprime test
Let usassume,that � C,�@= mod K 
Ú
 , where K 
 -9u �e
 ( K is odd),andgcd��� � K8� 
Ú
 . In

this caseK is a divisor of � ?ÜÛ ��
�
 ��� Û ��
 �´�¨��� Û I 
 � . If K is a primenumber, thenit divides
exactly oneof the factors(elseit would divide the differenceof the factorstoo), thus � Û modK 
Ý
 or � Û mod K 
³��
 . However, if K is not prime,thenwe have a goodchance,thatsome
divisorof K divides � Û �¿
 , andananotherdivides � Û I 
 . Thuswegetfor theremainder� Û modKz�
 � 
 � , since K doesnot divide any of thefactors.We cancontinuein thesamemannerwithu 
 -BÞ . Eventually, we areableto filter out mostof thepseudoprimes.

> n:=1387:
> 2ˆ‘1386‘ - 1 = (2ˆ‘693‘-1)*(2ˆ‘693‘+1);-�ß±à4áÆâ �N
/
 �¬-�âÜã±à �¤
 ���¬-�âÜã±àQI 
 �
> modp(power(2,693),n); 6 
 -
The Miller-Rabin test
Thefollowing randommethodis very likely to bethebesttool for primality testing.It was

composedandanalysedby G. L. M ILLER andM. O. RABIN in thelate 7 � s.
Let K 
�
 Iq- À Þ be a prime number, andlet R�ä mod K³�
�
 , where R is an integer with
 L«RÑLNK . In thiscaseR ?±å ä mod K 
l
 . SinceK is prime,thus KH�æ�fR ?±å4ç!è ä �Ï
 � or KT�æ�UR ?±å±ç!è ä¦I 
 � ,
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i.e. for R ? å4ç!è ä mod K we get 
 or ��
 . Steppingbacksimilarly we get eventually, that in the
remaindersequenceé9= 
 R�ä mod K , é�? 
 R ? ä mod K , é 3 
 R ¸ ä mod K ��ABA�AB� é®Û 
 R ?±å ä mod K
the last valuemustbe 
 , andbeforeit we get K �z
 . If the number K is composite,thenthis
probablydoesnot hold.

Thus the algorithm proceedsas follows: we choosea random R with 
 LêRëLìK . We
producetheremaindersequenceasabove. If this sequenceendswith éBÛ[�@= 
 K �¤
 and éBÛ 
 
 ,
thenthenumberis (likely) prime. If éBÛ 
í
 and éBÛ[�@=î�
 K �z
 thenthenumberis (surely)not
prime.

We illustratetheoperationof this methodto unveil aCarmichaelnumber.

> n:=1729:
> ifactor(n-1); �1-!� º ��21�±3
> j:=3ˆ3:
> seq(2ˆ(2ˆi*j) mod n,i=0..6);; 0§6 ��
<��; 6 �8
���
���
!��
���

If thealgorithmsays,thatanumberis notprime,thenthis is surelytrue,andif theansweris

prime,thenthis is not yet certain.M. O. RABIN hasproved,that for arbitrary K thealgorithm
giveswronganswerwith aprobabilityatmost 
 ¢ 0 ([8]). Sochoosingnew randomR bases,after
e.g. 20 executions,theprobability, that theansweris still primeandthenumberis in spiteof
thiscomposite,is lessthan � 
 ¢ 01� ?·² . Thus,in practicewecansay, thatthisansweris correct(the
exact proof of the prime propertyis discussedin a subsequentsubsection).The significance
of this methodis, thatwe geta reliableanswerin relatively shorttime for very largenumbers
(containingseveralhundreddigits), too.

The isprime functionin Mapleusesthismethodtoo([3]), for suchnumbers,whichseem
to beprimeswith methodsdescribedearlier.

4.2 Factorization methods

In this subsectionwe discuss,how wecanfind theprimefactorsof a largenumberK (knowing
that K is not prime). If K containse.g. morethan 2 � digits the useof the basicalgorithmis
usually hopeless,we do not like a lot of time to wait. In the last decadesmore algorithms
wereestablishedto improve this situation. However, in comparisonwith the prime tests,the
factorizationalgorithmsare much more expensive. It is much more difficult to factorizea
number, thanto decidetheprimeproperty.

The Pollard- ï method
Oneof thewell-known methodswaspresentedby J. M. POLLARD. It wascalledby him

a Monte Carlo method,becauseof its (pseudo)randomnature. In spiteof this the algorithm
terminatesusuallysuccesful,andit is easyto programize.

Let R¦² beaninteger, andlet ð��URO� beapolynomialwith integercoefficients.Let usconsider
the sequenceR@Û�ñO= 
 ð��UR@Û�� mod K . Our purposeis, that this sequencemust necessarilybe
random-like. This propertydependson thechoiceof thepolynomial ð��URO� . It is proved,thata
linearpolynomial ��R�IÑ� is notgood,thenext simplestcaseis R ? I 
 . Thischoicebehavesnice,
thoughwecannotprove this exactly.
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> x[0]:=2: n:=1387: s:=NULL:
> for i from 1 to 8 do x[i]:=x[i-1]ˆ2+1; s:=s,x[i] mod n
> od:
> print(s); 6 � - ;��@; 7�7 �¦; - ��� - � - � 6 * - � -!:17 � * -9:
Let us assume,that the number K hasa non-trivial divisor r . Consideringthe sequenceò Û 
 R@Û mod r we find, that this sequencewill be eventuallyperiodic (thereareonly finite

differentresiduesmod r ). Thepathof the ò Û -s draws a greekletter ï , a tail with a cycle. That
is why this algorithmis calledasthePollard-ï method.We get ò ä 
 ò À � ò ä ñO= 
 ò À ñO= ��A�A�A , for
someindices Þm�
 © . Using this R ä Ö R À (mod r ), i.e. r � R ä � R À , thusgcd�UK � R ä � R À � is a
non-trivial divisorof K . Wedo notknow thevalue r , however if wechoosea lot of pairs �iÞ � ©G� ,
andcomputefor the pairsgcd��K � R ä � R À � , thenusuallysooneror later we will find a factor
of K . Theefficiency of this algorithmcanbeimprovedif we computethegcd-srarer, only for
productse.g.10 pairsof R ä � R À and K . To computeintegergcd-s,usuallysomeversionof the
Euclideanalgorithm(seee.g.in [5]) is used,which is relatively fast.

We illustrate the theoreticaldescriptionwith the factorizationof the number 
 2 * 7 . After
findingadivisorwe producethe ò ä valuesandpresentthe” ï property”.

> l:=[s]: prod:=1:
> for i from 2 to 8 do prod:=prod*(l[i]-l[i-1]) od:
> prod, igcd(prod,n); �#
 * 7 ;!; * 6�690 * 2!01217 ;�������
 :
> for i from 1 to 8 do l[i]:=l[i] mod 19 od: l;& 6 � 7 ��
 - ��
 - ��
 - ��
 - ��
 - ��
 - +
> ifactor(1387); � 
 :1���17!21�
Gettingadivisor r , we checkthenumbersr and K ¢ r . If we find thatthesenumbersarenot

primes,wecantry to factorizethemfurtherwith thesamemethodor with thebasicalgorithm.
It is notsure,thatthealgorithmgivesacorrectanswer. It is possible,thatthegcdis K . In this

casethechoicefor ð��URO� seemsto bewrong,let uschooseanotherpolynomial ðE�URO� 
 R ? I¤� ,���
m����
���� - . If thereis no answeraftera long time, thenit is betterto try anotherfactorization
algorithm.

With Maple we canapply this methodto factorizeintegers,usingthe function ifactor
with theoption ’pollard’ .

Pollard’s � �¤
 method
Anothermethodof POLLARD is basedon the assumption,that the number K hassucha

prime factor � , for which � �	
 is a productof small primes. If this happens,then for an
arbitrary number � with gcd��� � ��� 
 
 , the equation � w �@=�Ö 
 � mod ��� is satisfied. Thus���gcd��� w �@= �N
!� K�� . However, to find thisdivisor � wehaveto belucky. Let uschooseanumberu 
 - ¡ | ��2 ¡ Ù �®6 ¡ » � ABA�A ��© ¡ å , wherethebasesarethefirst few primes,andtheexponentsaresmall
positive integers.After it we computegcd��� Û �e
!� K�� 
 r . If K«� r � 
 , thenwe have found
non-trivial factorsof K , r and K ¢ r . If r 
ó
 , thenwe have to choosea larger u , andif r 
 K ,thenwe needanotherbase� . With this method(calledPollard � ��
 ) we find sometimesvery
quickly anon-trivial divisor, but in many casesit doesnot work.
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> n:=973: i:=2ˆ5*3ˆ3*5*7:
> igcd(2ˆi-1,n); 7
> ifactor(n); �17!��� 
 2�:1�
By combiningthebasicalgorithmwith thePollardmethodsin mostof thecasesweareable

to factorizenumbersupto roughly 2 �E� 0 � (sometimes6 � ) decimaldigits. Therearesomeother
algorithms,which aresuitablefor factorizationof suchnumbers,e.g. a methoddevelopedby
FERMAT (see[1] or [8]). Theadventageof his ideais, that this algorithmusesonly additions
andsubstractions,therearenodivisions.However, to asignificantimprovementweneedother
approaches.

Sieving algorithms
With the improvementof FERMAT’s original conceptwe get sieving algorithms([8]). In

thebeginningthesemethodsyield not a significantimprovementover 6 � decimaldigits. How-
ever, in the early

* � s the quadraticsieve wasdiscovered,andafter a few yearswith further
developments(first of all by POMERANCE) it provedto beoneof thebesttools to decompose
largenumbers([1]). In a decadeit almostentirelydisplacedtheformerly successfulcontinued
fractionalgorithm.

An elliptic curve method
Besidesthe quadraticsieve nowadaysthe most successfulfactorizationalgorithm is the

really surprisingelliptic curve methodworkedout by H. W. LENSTRA. In this paperwe only
outline this method,becausethe detaileddiscussionneedslonger introductionto the elliptic
curvetheory. Its basicideais similar to thePollard� �¥
 method.Soverybriefly, wechoosean
elliptic curve in thenormalform ò ? 
 R 3 IÏ�"R�IÏ� , andanumber� similarly asin thealgorithm
Pollard � �e
 . We work with a finite groupof points(generatedby a number� ) on this curve,
andcomputeagcd.However, comparingwith thePollardmethod,if thisgcdis 1, thenwehave
the possibility to chooseanotherellipitic curve. Becauseof the significantdifferenceof the
groups(generatedby thesamenumber� ) on differentelliptic curves,sooneror laterwehavea
verygoodchanceto find anon-trivial divisor (detailsin [1] or [12]).

With Maplewecanapplythismethodusingthefunctionifactor with theoption’lenstra’ .

REMARK

Thefactorizationof largenumberscanseemauselessor only theoreticallyinterestingthing.
However, avery importantpracticalapplicationwasdiscoveredin the 7 � s: apublickey crypto-
system.Theessenceof themethodis, that theencryptedmessageandthekey arepublic, but
in spiteof this unauthorizedpersonsarenot ableto readthemessage,becauseto do this it is
neededto factorizea very large number, which is the productof two large primes(detailed
discussionin [1]). If our ”enemy” triesto discover themessage,usinga -�6 � digit key, it takes
years,evenif heor sheusesthebestcurrentsupercomputersandalgorithms.

4.3 Exact proof of the prime property

With themethodsdiscussedabovewecanproveveryfast– in mostof thecases–, thatanumber
is composite,but usuallywearenotableto proveexactlytheprimeproperty(evenusingourbest
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tool, theMiller-Rabintest).To this wehavebeforethis sectiononly thebasicalgorithm,which
is uselessfor larger numbers.Fortunately, we have someothermethodswhich arerelatively
easyto programizeandareefficient.

We call a number ô primitive root (mod � ), if ô w �@= mod � 
 
 and ô¨À mod �ó�
 
 for
 Põ©¤L � �q
 . If thereexists a primitive root (mod � ), then � is a prime number, sincein
this casethenumbersô À mod � for 
 Pë©¥Pe� �z
 areall differentandproducethenumbers
�� - ��ABA�A®� K � 
 in someorder of succession,i.e. � doesnot have a non-trivial divisor. The
numberof theprimitiveroots(mod � ) is Ø­�æ� �°
 � , soit is relatively easyto find suchanumber.
For example - is aprimitiverootmodulo 
�
 .

> seq(2ˆi mod 11,i=1..10);- � 0 � * � 6 ��
���� : � 7 � 2 �¦;¨�¯

After finding a numberR for which R C9�@= mod K 
Ý
 , we know already, that theorderof R

is a divisor of K �m
 . If theorderis exactly K �m
 , then K is prime. So we have to checkthe
exponents,which arethe(prime)divisorsof K �N
 , namelytheexponents��K �¤
 � ¢ � .

Thus,by the checkof the following two conditionswe have a very nice methodto prove
exactly theprimeproperty:

a) R C9�@= mod K 
 
 ,
b) R c C,�@=�diö w mod K°�
 
 , for all primedivisors� of K �¤
 .
It is known moreover, that the R baseshereareallowedto bedifferent,theprimeproperty

is still satisfied(J. BRILLHART, D. H. LEHMER andJ. L. SELFRIDGE, 1975),detailsin [1].
Thusto prove theprimepropertyof K , we needthecompletefactorizationof K �È
 . However
in many caseswearenotableto factorizeK �¤
 , if K is very large.

Thatis,whyperfectedmethodswereworkedout,usingonly thepartialfactorizationof K �÷

or thatof K÷I 
 .

In thefirst caselet uswrite K in theform K 
 r =E� r ?­I 
 , where � L r ?JP r =8I 
 . If for all
primedivisor � of r = thereexistsan R , for which R C,�@= mod K 
 gcd�fR c C,�@=�diö w �N
�� K8� 
%
 , thenK is prime(H. C. POCKLINGTON, 1914).

Weusethesetwo methodsin thefollowing subsectionto provetheprimepropertyof a large
number.

Similarly asby thefactorization,thereareexactprimetestsusingelliptic curves(detailsin
[1]). Moreover, very effective methodsareknown to prove theprimepropertiesof numbersin
specialforms,e.g. for FermatnumbersandMersennenumbers.Thesemethodsstartso, that
we know the factorizationof K �e
 or K�I 
 , but they usefurtherspecialimprovements.The
following testfor Mersennenumberswasworkedoutby É. LUCAS andD. H. LEHMER (proof
in [8]).

Let � beanoddprime,andlet usdefinethesequence

Ò,ø ÛÜÓ in thefollowing manner:

ø ² 
 0 ,ø Û�ñO= 
 � ø ?Û � -!� mod �¬- w �N
 � . Then - w �¤
 is primeif andonly if

ø w ��? 
z� .
Dueto thismethod,weareabletoprovetheprimepropertyof verylargeMersennenumbers.

Herewecheckthe 
 2 th Mersennenumber.

> L:=4: l:=4: m:=13:
> for i from 1 to m-2 do
> L:=(L*L - 2) mod (2ˆm-1): l:=l,L
> od: l; 0 ��
 0 ��
 :90 � 0 * 7 �¨� 2�:16!2 � 6!:17 �¨��
 * 6�7 � 2 ;���
 -!:90 � 2!0§7 ����
 - * �¦�
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4.4 Application in generalized Pascal’s triangles

In this sectionwe apply themethodsdiscussedin theprevioussubsectionto prove exactly the
primepropertyof alargenumberin ageneralizedPascal’striangle.Thetheoryof thesetriangles
waspresentedby theauthorin 1997([7]). Thegeneraltriangleswerespecifiedasfollows:

DEFINITION. (generalizedPascal’s triangle)
Let � P �1² � ��= � �1? A�A�A ��Åo��? � ��ÅT�@=#P : beintegers.Thenwe canget the © th elementin theK th row of the �1²F��=4�1? A�A�A ��Åo��?"��ÅT�@= -basedtriangleif wemultiply the ��© � Âù� th elementin the��K �ù
 � th row by ��Åo�@= , the �¬© � Â�I 
 � th elementin the ��K ��
 � th row by ��ÅT��? , A�A�A , the �¬© ��
 � th

elementin the ��K �m
 � th row by ��= , the © th elementin the ��K �m
 � th row by �1² , andaddthe
products.If for someu wehave © � Â	I�uoL � or © � Â I°uo�bK �N
 (i.e. someelementin the��K �N
 � th row doesnotexist accordingto thetraditionalimplementation)thenweconsiderthis
elementto be0. Theindicesin therowsandcolumnsof thetrianglerun from 0.

In [7] themostimportantpropertiesof thesetriangleswerethoroughlyinvestigated.Among
otherswe gave a direct formulafor the © th elementin the K th row, thuswe areableto specify
anelementsomewherein ageneralizedtrianglewithout building theprecedingrows.

Investigatingthe elementsin thesetriangleswe canfind a numberof large primes. It is
a conjecture,that we areable to find arbitrary large primestoo, so with the building of the
triangleswegetsomekind of ”prime formula”.

For examplein thefirst 150rowsin the 
�
�
 0 basedtrianglewith aMapleprogramusingthe
isprime functionwefoundtheelementsin thefollowing (row, column)positionto beprime:�¬- � -�� � ��2 � 2�� � ��2 �"; � � ��0 � 0§� � �U0 � * � � �¬6 � 6�� � � 
<����
<� � � ��-!2 � 0 ; � � ��2 
���; -!� ���0 * � 0 * � � � 
�
<;¨��
�
<; � � � 
 21- ��
 2�-�� � � 
 0�0 ��
 0�0�� A
Herethelastelementcontains93decimaldigits. In Figure1 wepresentthefirst few row of this
triangle. 

 ú ú 0
 - û 
<� ü * 
<;
 2 ; ú�ü 2 � 2�: ýGû ;�� 0 * ; 0
 0 
<� 21- þOý 
�
 - - 
 * -!:1- û�ûOý 0 ; 0 216�- -�6 ; -!6 ;

. . .

Figure1: The1114-basedtriangle

Analysingthe structureof the ���F� r basedtriangle,we conclude,that prime elementscan
only take placein thepositions �UK � K8� and �UK � -9K8� – this follows from Theorem2 in [7]. The
elementsin thesepositionsarepresentedwith boldcharacters.

Wementionedabove,if theisprime functionsays,thatanumberis prime,it is notsurely
true. Thus if we would like to make sureaboutthis property, we have to usethe methods
discussedin theprevioussubsection.

Exact proof for a prime candidate
In the following part we prove exactly the prime propertyof the elementin the position� 
�
<;¨��
�
<; � , which is
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> a:=11333920848402290235200523 34612 3903 44351 7725 29133 0201 5
> 128561961100032061289;

anumbercontaining7�6 digits. Testingthis numberwith the isprime functionweget

> isprime(a); ÿ �F~¦�
thus � is very likely prime. To prove this, we needthefactorizationof � �e
 . We usefirst

theeasy option,becauseelsewecanrun in a very longunsuccessfulcycle.

> ifactor(a-1,’easy’); �1-�� 3 ��21� � ��� �16!2�:�:��
> b:=(a-1)/(2ˆ3*3*5399);� � 
 * 790 ; :1-9: � : * -9: 
 6�7901-!2 * 012!: ; - 
<� 2 � -�-90 ; 6 * 016!7!: * 01-!: 
 -9:17�-!6901-�7 ;�; 6 �!; 6�7 ; * ¼� 6 
 :16,012 
 2
> isprime(b); ½ �!¾�}<�
Knowing that � is not prime,we have a ; : -digit numberto factorize.It is usuallyhopeless

in a PC, but now we are lucky, with the pollard option we canbreakthis numberin ap-
proximately 
 6 minutes2. Without thisoption,with thebasicallyinterpretedMorrison-Brillhart
method,the ifactor will stayunsuccesfulfor muchlongertime.

> ifactor(b,’pollard’);� 
<� * 
 : � : ; 2!01690§-�6 �!� 7 � :16!7!2!0§690�6 ;�; : ; 0 � 6!6!7!: * � 69:!0�: *!* 0 ; - ;!� 2!01: * 0 
�
 0 ; 21�� * � * 0§7 
 2 
 :16 
 �
> c:=b/80847131951:

Observing,that the Maple-systemwrites thecompletefactorizationonly if the factorsare
prime (in the othercasee.g. for � we would have c59), we know, that investigating� with
the ifactor function we get the answertrue. However, we have to prove this too. The
questionarises,whencanwe believe ”surely” the Maple-systemif it says,that a numberis
prime.Analysingtheoperationof the isprime functionwith thefollowing commands3

> interface(verboseproc=2):
> print(isprime);
2Hereandbelow: usingat leasta PCPentium
3Theoutputof theprint functionis omitted
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we conclude,that thesystemexaminesgcd-sup to approximately
<� º , sovery strictly this
is the
�

lower bound. However, the Maple guaranteesthe safetyfor muchlarger numbers,too.
In this paperwe fix our lower bound– consideringthepoint of view of safetyanddecreasing
theuseup of space– at 20 decimaldigits. Thuswe believe the true answerof the isprime
function without reservation up to this bound(it is an easyexerciseto check,that the prime
numbersbelow thisboundarereallyprimes).Turningbackto thenumber� , wehaveto factorize� �¤
 .

> ifactor(c-1,’easy’);�1-����1-921��� ;�
 7�����2 * 
�
 :16 ; :�:16!7 * � 7!7!: � 0 * 69:�:!2 � 0�2�7�-!2 ; -!: ;�
 7�-!:!0�790 ;�; -,:17�790�6 
 7�-,:!0 
 �
> d:=(c-1)/(2*23*617):

Now wehavea 690 digit largeprimecandidate,let uscontinuewith r �¤
 .
> ifactor(d-1,’easy’);�1-�� ? �16����17�� ? � 
�
 ��� 
 2����1-!:1��� * 6!2�� �������16�6 
 -!2 
 ��� 
 7!:17!7��
> e:=(d-1)/(4*5*49*11*13*29*853 *1797 7*55 1231) ;Õ � 
 
�
<� : ; 6�6 �!;�
 7 ; 0 � :�: 
 2�- * 
 6 � 0 
 - 
 - ; * 2�2!2�6!:
We know surely, that this 216 digit numberis not prime. TheMapleis ableto factorizeit in
 6 minutes.

> ifactor(e); �16 
 2 * ;¨
�
 :�216!790§7 ��
 0 � 6 * 7!���1- 
 6!:!090§6 
 0!: � 7�7!6!7��
Sofinally we havea completefactorization,thuswe begin theexactproofs.First we prove

theprimepropertyof r with themethodof POCKLINGTON.

> f:=215944514907757:
> g:=51386119357470140587:
> modp(power(2,d-1),d); 

Observing,that ð���ô�� & ( r + wehave to checkonly two gcd-s.

> gcd(modp(power(2,(d-1)/f),d), d);

> gcd(modp(power(2,(d-1)/g),d), d);

Thus r is prime,wecancontinuewith � . Now weusethemethodof BRILLHART, LEHMER

andSELFRIDGE, because� �N
 hasonly a few primedivisors.

> modp(power(2,(c-1)/d),c);
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<��� 7!2 * 7�6!:�2 ; * 6�- ;¨
 * 0§7 
 6!:�:!0 
 01:1- �!� : 
 -!: � 6!-�7!7�7 ;��!; 2 
 012 ;
Similarlywegetverylargeresultsfor modp(power(2,(c-1)/617),c) andmodp(power(2,(c-

1)/23),c) . Herewedisregardedthedetails.With ourlastexponentfirst weareunsuccessful.

> modp(power(2,(c-1)/2),c); 

Choosinganotherbaseweget

> modp(power(3,(c-1)/d),c);216�7�7�79: � 0 
�
 6 
<� * 0�216 
 * 6!- � : ;��!; : ��
 -96!2�: � 01-�790 * 
 -!2�-�6!6!: ; 6,0 * � 6 � * ; 2 ;!;
thuswe arereadywith � . To the prime propertyof � , we observe, that � is muchlarger,

thantheproductof theotherfactorsof � ��
 , i.e. with thePOCKLINGTON methodwe needto
computeonly onegcd.

> modp(power(2,a-1),a); 

> gcd(modp(power(2,(a-1)/c),a), a);

With this wehaveprovedexactly theprimepropertyof � .
Conclusions
Summarizing,wehavefoundvery largeprimesin thegeneralizedPascal’s triangles,andthe

Maplesystemwasableto proveexactly theprimepropertyof onecandidate.
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