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"To decide whethera numberof 15- or 20-digitsis a primeor not, it is notenoughevena lifetime, no matter
howweuseall of our knowledg” — Marin Mersenne1644.

Abstract

In this papemwe usetheMaple?! softwareto bringtheromanticworld of primenumbers
closer We discussthe mostimportantresultsandtheir applicationin the Maple system.
Moreover a new, interestingresultwill be presenteda formula, which producesa lot of
primes.

1 Introduction

The investigationof prime numbershasalways beena very interestingresearcHield in the
historyof mathematicsThroughmary centuriesalot of greatmathematiciantiedto solve the
problemgelatedto thesenumbersputin spiteof thistherehave remainedeventodayimportant
openquestions.

Thetheoryof prime numbersplaysanimportantrole in the university mathematiceduca-
tion, but this field is not easyto demonstratevith thetoolsof traditionaleducation.

In this paperwe presenthe mostimportantresultsfrom prime theoryandits applications
in Maple. Our purposehereis not to studythe whole numbertheory the considerations re-
strictedto this specificfield. Thus,sometimesve omit very importantrelatedresults(suchas
geometricakconnections)pr we usesomenotionswithout deeppreparationsuchas congru-
encesnhumbertheoreticalfuntions). For similar reason,usually the proofs are omitted, most
of thesecanbe foundin arny thoroughtext-book, e.g. in [4] and[6]. In somecaseswherethe
proofis shortanduseful,it will be presentedHowever, therearesomeresultstoo, the proof of
whichis extremelydifficult. In thesecasedext-booksusuallyreferto anoriginal source.

Throughour discussiorwe presentthe short history of this field, with the namesof the
importantauthors.More historicalresultscanbe found, besideghe text-bookse.g. in [8], [9]
and[11].

Theillustration of theoreticalresultscontainsMaple examplesandshortprograms.These
partssupposethatthe readethassomeMaplelanguagesxpertise. Thoroughdescriptionof the
useof Maple canbefounde.g.in [2], [3] and[10].
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Prime numbersand irreducible numbers
We considerin thefollowing integernumbersj.e. numberdn Z. If anumbera is adivisor
of b, we denoteit by alb.

DEFINITION 1. Prime property
For anumberp # —1,0,1 let p|(a - b). If from this p|a or p|b follows, thenwe call the
numberp a primenumber

DEFINITION 2. Irreducible property
We call anumberp # —1,0, 1 irreducible,if fromp = a - b follows |a| = 1 or |b| = 1.

THEOREM 1.
A numbers primeif andonly if it is irreducible.

REMARKS

1. Thistheoremusuallydoesnot hold if we leave thering Z. It is truein every casethata
prime elements irreducible. But the otherdirectiongetsviolatedin mary rings. For example
in Z[v/8] thenumbery/8 is irreducible but /8|2 - 4 doesnotimply, that/8|2 or /8|4.

2. Not prime elementsarecalledcompositenumbers.

THEOREM 2. The base theorem of number theory
Every numberdiffer from 0, -1 and 1 can be written as the productof finite irreducible
numbers.Thisfactorizations uniqueregardlesof thenumbersl, -1 andtherankof thefactors.

In the Maple systemwe canfactorizea numberwith the functionifactor
> ifactor(123456789012345678901 23456 7890);
(2) (3)3(5) (7) (13)(31)(37) (211) (241) (2906161) ( 3803) (3607) (2161)

2 Important propertiesof primenumbers

Resultsin the ancient time

THEOREM 3.

Thenumberof primesis infinite.

PROOF. (By EUCLID)

Let usassumethatthereareonly finite prime numbersp,, ps, .. ., p,. Let usconsiderthe
numberN = p; - py - ... - p, + 1. Thisnumberis notdivisible by the primeslistedabove, and
thenumberN is notlistedasa primenumber soit cannotbewrittenin theform of Theoren2.
But thisis notpossiblethus N is anew primeitself, or the productof new primesnot listed.

> ifactor(2*3*5*7*11*13*17+1);
(19) (97) (277)

PROPOSITION 1.
If anumbem hasaprimedivisorp < n, thenit hasaprimedivisorp, < [\/n].

Using this result,we areableto specifythe prime numbersuntil n, if we know the primes
until [y/n]. Thefollowing methodis calledthe sieve of ERATOSTHENES afterthe author

Let uswrite the positive integer numbersbeginningwith 2 (or 1). Let us considerthe first
numberin the list (we eraseandskip the numberl), anderaseits multiples. After it we take



thefollowing non-erasediumberin thelist, andrepeathe procedurelf we reachanon-erased
numbergreaterthan./n, thenthesieving is complete.

After theseresultstherewasonly very limited developmentin the prime numbertheory
until the 17th century FERMAT’s time. In the following the mostimportantresultsof the past
four centurieswill be summarized.

Thenumber of primes

Let usdenotethe numberof prime elementdess-equato z by 7 (z), wherez is a positive
realnumber Fromtheresultof EucLID follows, thatw(z) — oo, if £ — co. Already EULER
noted,thatlim,_, @ = 0. Thiswasfirst provedby LEGENDRE.

Thefollowing veryimportanttheoremwasconjecturedn thelate 1790sby L EGENDRE and
GAuss, andfirst provedby HADAMARD andDE LA VALLEE PoussIN (1896)with extremely
complicatedmathematicatools. Elementaryproof was given first by PAuL ERDOS and A.
SEELBERG (1948).

THEOREM 4. The big prime number theorem

T

REMARKS
1. Thenotation~ means'asymptoticequal’i.e.

lim W(x) = 1.

r—oo0 L
Inz

2. Let us denotethe nth prime numberby p,. From the resultof the theoremfollows
Pn ~ nlnn.
3. Theapproactpresentedn Theoremd. canbeimprovedwith

T du

Toillustratetheresultsof thetheoremwith Maple,we write thefunction(x), anddelineate
it with = in alogarithmiccoordinate-system.

> a[2]:=0:

> for i from 3 to 10000 do a[i]:=a[i-1]:

> if isprime(i-1) then ali]:=a[i]+1 fi:

> od:

> pii=x->if x=trunc(x) then a[x] else aftrunc(x+1)] fi:
> with(plots):

> loglogplot(\{x/In(x),pi(x)\}, x=1.2 .50 0,y=1 ..20 0);

By studyingthe figure we canseethe stepfunction-like behaiour of 7 (x) (plottedabove),
andthe fact, that for larger numbersboth of the functionsfit tight the sameasymptoticline.
However, betweertwo asymptoticequalfunctionsit is allowedto be very large differences.
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> pi(10000);  evalf(10000/In(10000));
1229
1085.736205
> ""/";
1.131950831

To point 2. of the Theorem,we can producethe ith prime numberwith the function
ithprime

> ithprime(1000), evalf(1000*In(1000));
7919, 6907.755279

THEOREM 5. (Firstprovedby EULER)
Thesumof thereciprocalvalueof prime numberss infinite, i.e. E% = 0.

REMARKS
1. Comparingwith the sumof thereciprocalvalueof squarenumberswve get

™

j_zl<zl_
6 “— n? p—oo,

sotheprimenumbersaresituatednoredensely
2. It istruemorewer, that
1
Z — ~Inlnn.

p<n p

Similarly asabove, we write thefunctions)" # andy: % to testtheir behaiour.



> sumsquare:=x->sum(1/n"2,n=1.. X);

o1
=T — )y —
sumsquare Xz HZZITZQ
> sumprime:=x->sum(1/ithprime(p ),p=1 .xX) ;
i 1

sumprime == r — —
b pz_:l ithprime(p)

> evalf(sumsquare(1000)), evalf(sumprime(1000));
1.643934568, 2.457411277

ThefunctionIn In x grows very slowly.
> evalf(In(In(1000))),evalf(In( In(10 0000 0)));
1.932644734, 2.625791915

The distance of primes

Analysingtheresultof Theorem., we concludehatthe primesgraduallypbecomearerand
rarer (on the average). Their distribution is neverthelessrregular For exampleit is obvious,
thatthesequencén + 1)! +2,(n + 1)! + 3,...,(n + 1)! + n + 1 containsno primes,at the
sametime we know very large consecutre primes.

Letusdenotehedifferenceof thenth and(n—1)th primenumberyd,, i.e. d, = p,—pn 1.
Therearevery importantresultsfor largeandsmallprime differences.

From Theoremd. follows thatgivenanarbitrarysmallnumbers thereareinfinitely mary
numbers: for which

a)d, > (1 —¢)lnn,

b)d, < (1+¢)lnn.

One of the importantresultsfor large prime differenceswas statedby BERTRAND and
provedby CsSeEBISEV, namelyif n is apositive integer, thenthereis always(atleastone)prime
numberbetweenn and2n. We know morewer, thatthereexists a constannumbere, thatfor
every suitablelarge numbern satisfiesd,, < n¢, e.g. ¢ = 38/61 canbewritten. It is anopen
guestion,however, that betweentwo consecutie squarenumbersfalls in every casea prime
number

If d,, = 2, thanwe call thenumbers,, andp,,_; twin primes.It is averyold conjecturethat
thereareinfinitely mary twin primes.Let usdenotethe numberof twin primeslessequalthan
x by N(z). Themostimportantresulthereis, thatthereexists a positive constant, for which
N(z) < c3-. Consideringheprimenumbertheorenthis meanghat N (z) is smallcompared
with 7(z).

To collectobsenationswith Maple aboutthe prime distancesve canwrite programswith
thetoolsreviewedabove. Herea simpleexamplewill be presentedsearchingwin primesin a
giveninterval.

> twinprimes:=proc(a,limit)

> local i,prev,act;

> prev:=isprime(a);

> for i from a by 2 to a+limit do
> act:=isprime(i);



> if prev and act then lprint(i-2,i) fi;  prev:=act

> od

> end:

> twinprimes(1079+1, 1000);
1000000007 1000000009
1000000409 1000000411
1000000931 1000000933

To find the prime neighbourof anarbitrarynumberwe canusethe functionsprevprime
andnextprime ,too.

> b:=12345678901234567890:
> prevprime(b), nextprime(b);

12345678901234567879, 12345678901234567891

3 Primeformulas

Thegreatmathematicianfor centuriesveretrying to give formulas,which would alwayspro-
duceprimes,or at leastinfinitely mary primes. For the secondpart of this questiona nice
answemwasgivenby thefollowing theoremwhich analyseshe occurencef primenumbersn
arithmeticsequences.

THEOREM 6. (BY DIRICHLET)
Leta andb beintegernumbersfor whichgcda, b) = 1. In this casethesequence - k + b
producesnfinitely mary primes(k = 1,2, ...).

REMARKS

1. As specialcasesof Theorem6., thereareinfinitely mary primesin the form 4k — 1,
4k + 1,6k — 1,6k + 1.

2. We canrephraseheresultsasfollows: thepolynomialaz +b with gcd(a, b) = 1 produces
infinitely mary primes.In this context we canformulatesomeotherquestionse.g.

a) Is therea polynomialin theform az? + bz + ¢, which producesnfinitely mary primes?

b) Is therea polynomialwhich alwaysproducegprime numbers?

In the first caseit is easyto prove, that necessarygonditionsare the irreducibility of the
polynomialandgcd(a, b, ¢) = 1, but the completeansweris still unknonvn. To questionb), for

p(x):Gn$"+...+a1m+a0:x(anx"_l-i-...—i—al)—i-ao

if ap = 0thenz|p(z), if ap # 0 thenag|p(ao), Sothe answeris no. This answerwasalready
givenby LEGENDRE.

Therearesomepolynomialswhich seento begoodfor alot of substitutiorvalues.EULER
haspresentedhe examplez? + z + 41, which producesgprimenumberdor z = 0,1, 2, . . ., 39,
howeverfor z = 40, 41 andotherlargervalueswe getcompositenumbers.



> Pi=EX->X"2+x+41:

> for i from 0 to 45 do

> if not isprime(p(i)) then Iprint(i,p(i)) fi:
> od;

40 1681

41 1763

44 2021

In spiteof the answergivenfor partb), theoreticallyis it possibleto give a formulawhich
alwaysproducegprimenumbersin 1947H. MiLLS proved,thatthereexists arealnumberA,
for which [4%"] is alwaysprime for an arbitrarypositive integer n. However, we do not know
the valueof this number

Fermat numbers

Onthewayto find aprimeformula,in the 1640SFERMAT drafted thatthenumber2?" + 1
arealways prime. He establishedthat besidethe small numbers2' + 1,22 + 1,2* + 1 and
28 + 1 still 2! + 1 is a prime, too. With the number23? + 1 he andhis contemporariesould
not reachary result,only in roughly 100 yearsit wasproved by EULER that641is a divisor
of 22° + 1 (with establishindirst, thata divisor mustbein the form 64k + 1). Nowadayswe
know moreover, thatthe Fermatnumbersfor n = 6,7, ...19 andfor moreothern valuesare
not primes.We do notknow however, if thereareanother-ermatprimesor not.

To producethe Fermatnumbersin Maple we usethe functionsfermat or F from the
packagenumtheory .

> with(numtheory):
Warning, new definition for order
> 2°(275)=F(5), ifactor(fermat(5));

2(%*) = 4294967297, (641) (6700417)
> F(8);
11579208923731619542357098500868790785326998466564056403945758400\
7913129639937
> isprime(fermat(8));

false

REMARKS
1. If k # 27, thenN = 2* 4+ 1 cannotbe prime. In this casethe exponentcanbe written in
theform k£ = 2! - m, wherem is anoddnumber Thus

N=2F41=20"m41 =2y 41m= (22 + 1)((22)™ ' —+...+1™),

i.e. N is divisible by (22' + 1).
2. The Fermatprimesplay a very importantrole in geometryin relationwith the construc-
tion of regularpoligons(GAuUsSs, seee.g.in [9]).

M er senne numbers



After a few yearsof FERMAT’s notice, MERSENNE publishedhis examinationrelatingto
thenumberdn theform 2° — 1. He declaredthatthesenumbersareprimesif andonly if the
exponentis 2,3,5,7,13,17,19, 31,67, 127 or 257 — assuminghat the exponentis lessequal
than257 (it wasknown alreadyin thattime, thatif k|s, then2* — 1|2 — 1, thus2® — 1 canbe
only prime,if s is prime). His assertiorwasnotentirelycorrect,but thefirst mistake wasfound
only aftermorethan200years.E. Lucas provedin the 1870sthat2%” — 1 is not prime. After
this someothermistakeswerefoundin thelist.

The numbersn theform above arecalledMersennenumbersandif they areprimes,then
theirnamesareMersenngrimes.Nowadayswve know morethan30 Mersennegrimes.

To producethe Mersennenumbersn Maplewe usethefunctionsMor mersenne from the
packagenumtheory . Theresultis thefalse valueif the currentMersennenumberis not
prime. Usingthefunctionswith doubleparenthesef:]) we getexactlytheith Mersenngrime.

> mersenne([9]);
2305843009213693951
> 2°9-1,  M(9);
511, false
> M(127);

170141183460469231731687303715884105727
With thesetoolswe areimmediatelyableto find somemistakesin MERSENNE’s list.

> 2°67-1, mersenne(67);

147573952589676412927, false
> M(89);

618970019642690137449562111

REMARK

In the modernhistory of mathematicghe largestknown primeswere always Mersenne
primes.For examplefrom 1772througha centurythenumber23! — 1 (provedby EULER), until
1950the number2!2” — 1 (provedby E. LUCAS and E. FAUQUEMBERGUE). After this time
moreMersenngrimeswerefoundwith computersin the pastfew yearssincel1985thelargest
was2216091 _ 1. From12.01.1994helargestis 2859433 — 1,

Perfect numbers

We call anumberperfect,if the sumof its divisors— not consideringhe numberitself —is
the sameasthe number(or usingthe numbertheoreticafunctiono(n) —the sumof divisors—
o(n)/n = 2). Forexamplefor 6,1+ 2+ 3 = 6. Suchnumberswverealreadyinvestigatedy the
ancientGreeksthe notionwasfirst mentionedoy PLATON. Until the Middle Agesmysterious
propertieswere atributedto perfectnumbers.It is not hardto prove, thatan even numberis
perfectif andonly if it isin theform of 2¢71. (2! — 1), where(2! — 1) is aMersenngorime. Thus
theinvestigatiorof perfectnumberds closelyrelatedwith Mersenngrimes.Thefirst 4 perfect
numberswere alreadyknown by the ancientmathematiciansadditional3 werediscoveredin
the 15-16thcentury till MERSENNE’s time. We know, that the last digit of an even perfect
numbemustbe6 or 8.



Until now nobodycouldfind any odd perfectnumber andit seemsthatin the nearfuture
we have no hopeto prove, that an odd perfectnumbercould not exist. In ary case,if such
numberexists,it mustbeverylarge...

To theexaminationof the perfectnumbersvith Maplewe canusethefunctionsigma . Fast
"control” canbedonewith thefunctiondivisors

> €:=2712*(2°13-1), sigma(c)-c;
c := 33550336, 33550336
> divisors(8192);
{1, 2, 4, 8, 16, 32, 64, 128, 512, 1024, 4096, 256, 2048, 8192}

We call anumberk-timesperfect,if o(n)/n = k for k € Z. Thesenumbersverealready
investigatedoy MERSENNE, DESCARTES and FERMAT. Nowadayswe know already334 k-
timesperfectnumbersuntil thevalueof £ = 8 ([4]).

> d:=1476304896, sigma(d)/d;

d := 1476304896, 3

With thegeneralizatiomf thisnotionwe caninvestigatéperfect-like” numberswherethere
is arelationbetweerthe sumof divisorsnot consideringhe numberitself (d = o(n) — n) and
thenumbern, suchasd/n = a/b or d = n — a, wherea andb are(positive) integers.

> e:=3"2%(373-1), (sigma(e)-e)/e;

4
= 234, -
e '3

We have useda Maple programto producethefollowing results:

Relation Numbers

d=n 6, 28,496,8128

d/n =2 120,672

d/n=3 30240,32760

d/n=4/3| 12,234

d/n=>5/3 | 84,270,1488,1638,24384
d/n="7/5 | 30,140,2480,6200,40640
d=n-111,2,4,8,16,...

d=n-2 | 3,10,136

Someresultsin this takular areobvious,e.g.in theline d = n — 1 therearepure2 powers,
since2k =1+24224 .. 4 2k1,

4 Primality testing and factorization

Givenanumbern, it is a very importantquestionhow to constructits completefactorization
accordingo Theorem2. Up to the 1950s, this processvasusuallyvery circumstantial- andin
mostof the casesunsuccessfut for large numbersin spiteof this a numberof very important
theoreticakesultswerepublishedalreadylong before(e.g. by FERMAT). However, the signif-
icantdevelopmentn this field practically startedwith the appearancef computers.Similarly



asbefore,we presenbnly the mostimportantresultsandonly someof the proofs. We omit the
exactbehaiour-analysisby the methods.Detailedtheoreticaldiscussiorcanbe founde.g. in

[1].

Thebasic algorithm

A traditionalmethodor thefactorizatioris thetrial divisonwith theprimes2, 3,5, 7,11, 13,17, .. .,
or with thenumber<, 3,5,7,9,11,13, 15, .. ., whichis easierto programizeput we getthere-
sultslower. Analysingthis algorithm(e.g. its simplified Maple-formbelow) we conclude that
it works usablein our PC’sif the orderof n is maximum10%® — 10'%, or if the orderof the di-
visoris maximum10® — 10°. For largernumberghealgorithmusuallyslows down hopelessly
becausef thelot of divisions. In a fastercomputerwe canmalke this situationbetter but the
improvementwill notbespectacular

In the following examplewe searchfor the prime divisors of an odd numberwith trial
divison. We cangetthe sameresultusingtheifactor  functionwith theoption’easy’

> basic:=proc(n,limit)
> |local 1i,s,a;

> s:=NULL; a:=n;

> for i from 3 by 2 to limit do

> if amodi = 0 then a:=al S:=S,i;

> while a modi = 0 do a:=ali S:=S,i od
> fi

> od; print(s,a)

> end:

> b:=1234567890123456789:
> basic(b, 4001);

3, 3, 101, 3541, 3607, 3803, 27961
> ifactor(b,’ easy’);

(3)2(101) (3803) (3607) (27961) (3541)

Let us assumethat the numbern is very large, it containse.g. 100 decimaldigits. In
this casewe apply the basicalgorithmto separatehe "small” factorsup to the order of ap-
proximately10°. After this we examinethe remainingpart further with additionalmethods,
discussedn thefollowing subsections.

4.1 Primetests

Letn beanoddnumberafterthe separatiorof the smallfactors.Firstwe have to decide,f this
numberis primeor not.

A test based on Fermat’slittle theorem
Already FERMAT hasprovedthefollowing very importanttheorem:

THEOREM 7. FERMAT’s little theorem
If p is aprimewhich doesnot divide a, thena?~! = 1(modp).



REMARK

This theoremis a specialcaseof a theoremof EULER, which assertdor relatively prime
integersa andm, thata®™ = 1(mod p), wherethe function ¢(n) givesthe numberof the
relative prime positive integerslessequalto n.

FERMAT’s theoremgivesa very effective tool to filter out mostof the compositenumbers.
If e.g.2"7! % 1(modn), thenwe know surely thatthe numbern is composite.

> 27118 mod 119;
30

Thoughthe computingof thesepowersseemgo bedifficult, therearevery efficientandfast
algorithmsfor this ([1], [8]).

In Maplewe canusethemoreefficientmodpandpower functionsinsteadof thetraditional
power operator Thus,we canprove immediatelythatthe 5th Fermatnumberis not prime.

> 37(2°32) mod (2°32+1);
Error, integer too large in context
> modp(power(3,2°32),2°32+1);

3029026160

Unfortunately thereverseof thetheoremdoesnothold entirely. Soif weget2" ! = 1(mod
n), thenin spiteof thisis it possiblefor n to be a compositenumber Suchnumbern is called
a pseudoprimgin base2). The pseudoprimesre fairly rare, analysingthe chanceof their
occurenceomparedo the primeswe getat mostafew perthousand.

> pseudo:=proc(n)

> local I,s;

> S:=NULL,;

> for i from 3 by 2 to n do

> if  not(isprime(i)) and (2°(i-1) mod i)=1 then s:=s,i
> fi

> od;

>  RETURN(S)

> end:

> sl:=pseudo(3001)

sl := 341, 561, 645, 1105, 1387, 1729, 1905, 2047, 2465, 2701, 2821

Moreover, additionalpseudoprimesanbeurveiledchoosinganotheibasansteadf 2, such
as3,5,7,....

> 31386 mod 1387, 1387=ifactor(1387);
875, 1387 = (19) (73)

Therearehowever suchextremenumbergcalledCarmichaehumbers)which are pseudo-
primesin all baseswhich arerelative primeto all of their divisors. Thesenumbersarevery
rare,the chanceof choosingsucha (notvery small)numberis lessthanapproximatelyoneto a



million. Thefirst suchnumberis 561. The Carmichaehumbershave atleast3 differentprime
divisors,sooneof their divisorsis lessthan&/n ([8]).

We cansearchthe Carmichaehumberswith thefollowing smallprogram theinput param-
eterof whichis asequencef pseudoprimes.

> carmic:=proc(s)
> local s2,i,n,j,carm;

> s2:=NULL;

> for i from 1 to nops([s]) do
> carm:=true: n:=trunc(sqrt(s[i])):
> for j from 3 by 2 to n do
> if  modp(power(j,n-1),n)<>1 and (n mod j)>0 then
> carm:=false fi

> od,;

> if carm then s2:=s2,9]i] fi
> od;

> RETURN(s2)

> end;

> carmic([s1]);

561, 1387, 1729, 1905, 2821

If a numbern passeshroughthefilters 2,3,5 and7 thenit is recommendedo stopthis
method.Therearesomeothermethodgo unveil suchcompositenumbers.

A strong pseudoprime test

Let usassumethata™~! modn = 1, wheren = 2; — 1 (n is odd),andgcd(a,n) = 1. In
this casen is adivisorof a* — 1 = (a* — 1) - (a* + 1). If n is aprimennumberthenit divides
exactly one of the factors(elseit would divide the differenceof the factorstoo), thusa* mod
n = 1ora’ modn = —1. However, if n is not prime,thenwe have a goodchancethatsome
divisorof n dividesa® — 1, andananotherdividesa® + 1. Thuswe getfor theremaindew® mod
n # |1], sincen doesnot divide ary of the factors.We cancontinuein the samemannerwith
1 = 27. Eventually we areableto filter out mostof the pseudoprimes.

> n:=1387:
> 271386 - 1 = (27'693-1)*(27'693'+1);

91986 _ 1 — (2093 _ 1) (2699 4 1)
> modp(power(2,693),n);
512

The Miller-Rabin test

Thefollowing randommethodis very likely to be the besttool for primality testing.It was
composeandanalysedy G. L. MILLER andM. O. RABIN in thelate 70s.

Let n = 1 + 2*%j bea prime number andlet z7 modn # 1, wherez is aninteger with
1 < z < n. Inthiscaser?/ modn = 1. Sincen is prime,thusn/| (22" — 1) orn|(z? 7 + 1),



i.e. for 227" modn we get1 or —1. Steppingbacksimilarly we geteventually thatin the

remaindersequence; = =7 modn, r, = 2% modn, r; = 2% modn,...,r; = 22 modn
the lastvaluemustbe 1, andbeforeit we getn — 1. If the numbern is composite thenthis
probablydoesnot hold.

Thusthe algorithm proceedsas follows: we choosea randomz with 1 < = < n. We
producetheremaindeisequencasabove. If this sequencendswith r;,_; = n — 1 andr; = 1,
thenthe numberis (likely) prime. If r; = 1 andr; _; # n — 1 thenthe numberis (surely)not
prime.

We illustratethe operationof this methodto unveil a Carmichaehumber

> n:=1729:
> ifactor(n-1);

(2)°(3)°

> :=373:
> seq(27(271%) mod n,i=0..6);

645, 1065, 1,1, 1,1, 1

If thealgorithmsays thatanumberis not prime,thenthisis surelytrue,andif theanswelis
prime,thenthisis notyet certain.M. O. RABIN hasproved,thatfor arbitraryn the algorithm
giveswronganswemith aprobabilityatmost1/4 ([8]). Sochoosingnew randomz basesafter
e.g. 20 executions the probability, thatthe answeris still prime andthe numberis in spite of
this compositeijs lessthan(1/4)%. Thus,in practicewe cansay thatthis answeiis correct(the
exact proof of the prime propertyis discussedn a subsequensubsection).The significance
of this methodis, thatwe geta reliableanswern relatively shorttime for very large numbers
(containingseveralhundreddigits), too.

Theisprime functionin Mapleuseshis methodtoo ([3]), for suchnumberswhichseem
to be primeswith methodsdescribeckarliet

4.2 Factorization methods

In this subsectiorwe discusshow we canfind the prime factorsof alarge numbern (knowing
thatn is not prime). If n containse.g. morethan 30 digits the useof the basicalgorithmis
usually hopelesswe do not like a lot of time to wait. In the last decadesnore algorithms
were establishedo improve this situation. However, in comparisorwith the prime tests,the
factorizationalgorithmsare much more expensve. It is much more difficult to factorizea
numberthanto decidethe prime property

The Pollard-p method

Oneof the well-known methodswaspresentedy J. M. POLLARD. It wascalledby him
a Monte Carlo method,becausef its (pseudoyandomnature. In spite of this the algorithm
terminatesusuallysuccesfulandit is easyto programize.

Let z, beaninteger, andlet f(x) beapolynomialwith integercoeficients.Let usconsider
the sequencer;.; = f(x;) modn. Our purposeis, that this sequencanust necessarilybe
random-like. This propertydependn the choiceof the polynomial f (x). It is proved,thata
linearpolynomialax + b is notgood,thenext simplestcases z2 + 1. This choicebehaesnice,
thoughwe cannot prove this exactly.



> x[0]:=2: n:=1387: s:=NULL:

> for i from 1 to 8 do X[i]:=x[i-1]2+1; s:=s,X]i] mod n
> od:

> print(s);

5, 26, 677, 620, 202, 582, 297, 829

Let us assumethat the numbern hasa non-trivial divisor d. Consideringthe sequence
y; = x; mod d we find, that this sequencewvill be eventually periodic (thereare only finite
differentresiduesmodd). The pathof they;-s draws a greekletter p, a tail with a cycle. That
is why this algorithmis calledasthe Pollardp method.We gety; = i, ¥j4+1 = Yk+1, - . ., for
someindicesj # k. Usingthis z; = z;, (modd), i.e. d|z; — zy, thusgcd(n, z; — z;) is a
non-trivial divisor of n. We do notknow thevalued, howeverif we choosea lot of pairs(j, k),
and computefor the pairsgcdn, z; — zx), thenusuallysooneror later we will find a factor
of n. Theefficiency of this algorithmcanbe improvedif we computethe gcd-sraret only for
productse.g. 10 pairsof z; — z;, andn. To computeintegergcd-s,usuallysomeversionof the
Euclidearalgorithm(seee.qg.in [5]) is usedwhichis relatively fast.

We illustrate the theoreticaldescriptionwith the factorizationof the number1387. After
finding a divisor we producethe y; valuesandpresenthe” p property”.

> |:=[s]: prod:=1:
> for i from 2 to 8 do prod:=prod*(l[i]-I[i-1]) od:
> prod, igcd(prod,n);

—18766855483437600, 19
> for i from 1 to 8 do I[i]:=l[i] mod 19 od: |;
[5, 7,12, 12, 12, 12, 12, 12]

\%

ifactor(1387);
(19) (73)

Gettingadivisor d, we checkthenumbersi andn/d. If we find thatthesenumbersarenot
primes,we cantry to factorizethemfurtherwith the samemethodor with the basicalgorithm.

It is notsure thatthealgorithmgivesacorrectanswerlt is possiblethatthegcdis n. In this
casethe choicefor f(x) seemgo bewrong, let us chooseanothempolynomial f(x) = z? + ¢,
c # 0,1, —=2. If thereis no answerafteralongtime, thenit is betterto try anotherfactorization
algorithm.

With Maple we canapply this methodto factorizeintegers,usingthe function ifactor
with the option’pollard’

Pollard’sp — 1 method

Another methodof POLLARD is basedon the assumptionthat the numbern hassucha
prime factor p, for which p — 1 is a productof small primes. If this happensthenfor an
arbitrary numbera with gcd(a,p) = 1, the equationa® ! = 1(mod p) is satisfied. Thus
plgcd@?~! — 1, n). However, to find this divisor p we haveto belucky. Let uschooseanumber
i =2%.3%.5%. . k% wherethebasesarethefirst few primes,andthe exponentsaresmall
positive integers. After it we computegcd(a’ — 1,n) = d. If n > d > 1, thenwe have found
non-trivial factorsof n, d andn/d. If d = 1, thenwe have to choosea largeri, andif d = n,
thenwe needanotherbasea. With this method(calledPollardp — 1) we find sometimes/ery
quickly anon-trivial divisor, but in mary casest doesnotwork.



> n:=973:  i:=2"5*3"3*5*7:
> igcd(27i-1,n);

> ifactor(n);
(7)(139)

By combiningthe basicalgorithmwith the Pollardmethodsn mostof the casesve areable
to factorizenumbersupto roughly30 — 40 (sometime$0) decimaldigits. Therearesomeother
algorithms,which are suitablefor factorizationof suchnumbersge.g. a methoddevelopedby
FERMAT (see[1] or [8]). Theadwentageof hisideais, thatthis algorithmusesonly additions
andsubstractionghereareno divisions. However, to a significantimprovementwe needother
approaches.

Sieving algorithms

With the improvementof FERMAT’s original conceptwe get sieving algorithms([8]). In
the beginningthesemethodsyield not a significantimprovementover 50 decimaldigits. How-
ever, in the early 80s the quadraticsieve was discovered,and after a few yearswith further
developmentdfirst of all by POMERANCE) it provedto be oneof the besttoolsto decompose
large numbergq[1]). In adecaddt almostentirelydisplacedhe formerly successfutontinued
fractionalgorithm.

An dliptic curve method

Besidesthe quadraticsieve nowadaysthe most successfufactorizationalgorithmis the
really surprisingelliptic curve methodworked out by H. W. LENSTRA. In this paperwe only
outline this method,becausehe detaileddiscussiomeedslonger introductionto the elliptic
curvetheory Its basicideais similarto thePollardp — 1 method.Sovery briefly, we choosean
elliptic curve in thenormalform y? = z3 + bz + ¢, andanumberp similarly asin thealgorithm
Pollardp — 1. We work with a finite groupof points(generatedby a numberp) on this curve,
andcomputea gcd. However, comparingwith the Pollardmethod,f thisgcdis 1, thenwe have
the possibility to chooseanotherellipitic curve. Becauseof the significantdifferenceof the
groups(generatedby the samenumberp) on differentelliptic curves,sooneror laterwe have a
very goodchanceo find anon-trivial divisor (detailsin [1] or [12]).

With Maplewe canapplythismethodusingthefunctionifactor  with theoption’lenstra’

REMARK

Thefactorizatiorof largenumbersanseemauseles®r only theoreticallyinterestinghing.
However, avery importantpracticalapplicationwasdiscoveredin the 70s: apublic key crypto-
system.The essenc®f the methodis, thatthe encryptedmessagendthe key are public, but
in spiteof this unauthorizegersonsarenot ableto readthe messagebecausédo do thisit is
neededo factorizea very large number which is the productof two large primes (detailed
discussionn [1]). If our”’enemy”triesto discover the messageusinga 250 digit key, it takes
yearsevenif heor sheusesthebestcurrentsupercomputerandalgorithms.

4.3 Exact proof of the prime property

With themethodddiscusse@bove we canprove very fast—in mostof thecases-, thatanumber
is compositeput usuallywe arenotableto prove exactlytheprimeproperty(evenusingourbest



tool, the Miller-Rabintest). To this we have beforethis sectiononly the basicalgorithm,which
is uselesdor larger numbers. Fortunately we have someothermethodswhich arerelatively
easyto programizeandareefficient.

We call a numberg primitive root (mod p), if ¢! modp = 1 andg* modp # 1 for
1 < k < p— 1. If thereexists a primitive root (mod p), thenp is a prime numbey sincein
this casethe numbersg* modp for 1 < k < p — 1 areall differentand producethe numbers
1,2,...,n — 1 in someorder of successioni.e. p doesnot have a non-triial divisor. The
numberof the primitive roots(modp) is ¢(p — 1), soit is relatively easyto find suchanumber
For example2 is a primitive rootmodulo11.

> seq(2’i  mod 11,i=1..10);
2,4,8,5,10,9,7, 3,6, 1

After finding a numberz for whichz" ! modn = 1, we know already thatthe orderof
is adivisorof n — 1. If theorderis exactly n — 1, thenn is prime. Sowe have to checkthe
exponentswhich arethe (prime)divisorsof n — 1, namelytheexponentgn — 1) /p.

Thus, by the checkof the following two conditionswe have a very nice methodto prove
exactly the primeproperty:

a)z" ' modn =1,

b) z(»~1/P modn # 1, for all primedivisorsp of n — 1.

It is known moreover, thatthe z baseshereareallowedto be different,the prime property
is still satisfied(J. BRILLHART, D. H. LEHMER andJ. L. SELFRIDGE, 1975),detailsin [1].
Thusto prove the prime propertyof n, we needthe completefactorizationof n — 1. However
in mary casese arenotableto factorizen — 1, if n is verylarge.

Thatis, why perfectednethodsvereworkedout, usingonly the partialfactorizatiorof n—1
orthatof n + 1.

In thefirst casdet uswrite n in theformn = d; - d, + 1, where0 < dy < d; + 1. If for all
primedivisor p of d; thereexistsanz, for which2z"~! modn = gcdz™Y/? — 1,n) = 1, then
nisprime(H. C. POCKLINGTON, 1914).

We usethesewo methodsn thefollowing subsectiorio prove the primepropertyof alarge
number

Similarly asby thefactorizationthereareexactprimetestsusingelliptic curves(detailsin
[1]). Moreover, very effective methodsareknown to prove the prime propertiesof numbersn
specialforms, e.g. for Fermatnumbersand Mersennenumbers. Thesemethodsstartso, that
we know the factorizationof n — 1 or n + 1, but they usefurther specialimprovements.The
following testfor Mersennenumbersvasworkedoutby E. Lucas andD. H. LEHMER (proof
in [8]).

Let p beanoddprime,andlet usdefinethesequencé L, } in thefollowing manner:Ly = 4,
Liy1 = (L? — 2) mod (2P — 1). Then2? — 1 is primeif andonlyif L, , = 0.

Dueto thismethodwe areableto prove theprimepropertyof verylargeMersennenumbers.
Herewe checkthe 13th Mersennenumber

> L:=4: |:=4: m:=13:

> for 1 from 1 to m-2 do

> L:=(L*L - 2) mod (2’m-1): [:=I,L
> od: |

4, 14, 194, 4870, 3953, 5970, 1857, 36, 1294, 3470, 128, 0



4.4 Application in generalized Pascal’ striangles

In this sectionwe apply the methodsdiscussedn the previous subsectiorto prove exactly the
primepropertyof alargenumbetin ageneralizedPascalstriangle. Thetheoryof thesedriangles
waspresentedby theauthorin 1997([7]). Thegenerakriangleswerespecifiedasfollows:

DEFINITION. (generalizedPascalstriangle)

Let0 < ag,a1,a2...a, 2,0, 1 < 9 beintegers. Thenwe cangetthe kth elementin the
nth row of theagayas . . . a,, 20, 1-basedriangleif we multiply the (¢ — m)th elementin the
(n—1)throw by a,,_1, the(k—m+1)thelemenin the(n—1)throw by a,,,_s, . . ., the (k—1)th
elementin the (n — 1)th row by a4, the kth elementin the (n — 1)th row by @y, andaddthe
products.If for some; wehavek —m+i < 0ork —m+i > n — 1 (i.e. someelemenin the
(n — 1)th row doesnotexist accordingo the traditionalimplementationthenwe considetthis
elemento be0. Theindicesin therows andcolumnsof thetrianglerun from 0.

In [7] themostimportantpropertieof theseriangleswerethoroughlyinvestigated Among
otherswe gave a directformulafor the £th elementin the nth row, thuswe areableto specify
anelementsomevherein ageneralizedrianglewithout building the precedingows.

Investigatingthe elementsn thesetriangleswe canfind a numberof large primes. It is
a conjecture that we are ableto find arbitrary large primestoo, so with the building of the
triangleswe getsomekind of "prime formula”.

For examplein thefirst 150rowsin the1114 basedrianglewith aMaple programusingthe
isprime  functionwe foundtheelementsn thefollowing (row, column)positionto be prime:

(2,2),(3,3),(3,6),(4,4), (4,8), (5,5), (10, 10), (23, 46), (31, 62),

(48,48), (116, 116), (132, 132), (144, 144).
Herethelastelementontains93 decimaldigits. In Figurel we presenthefirst few row of this
triangle.

1
1 1 1 4
1 2 3 10 9 8 16
1 3 6 19 30 39 73 60 48 64
1 4 10 32 67 112 218 292 337 464 352 256 256

Figurel: Thelll4-basedriangle

Analysingthe structureof the abed basedtriangle, we conclude that prime elementscan
only take placein the positions(n,n) and(n, 2n) — this follows from Theorem2 in [7]. The
elementsn thesepositionsarepresenteavith bold characters.

We mentionedabove, if theisprime  functionsaysthatanumberis prime, it is notsurely
true. Thusif we would like to make sureaboutthis property we have to usethe methods
discussedh the previous subsection.

Exact proof for a prime candidate
In the following part we prove exactly the prime propertyof the elementin the position
(116, 116), whichis



> a:=11333920848402290235200523 34612 390344351 772529133 02015
> 128561961100032061289;

anumbercontaining75 digits. Testingthis numberwith theisprime  functionwe get
> isprime(a);

true

thusa is very likely prime. To prove this, we needthe factorizationof « — 1. We usefirst
theeasy option,becauselsewe canrunin averylongunsuccessfutycle.

> ifactor(a-1,’easy’);
(2)*(3)-c69 (5399)
> bi=(a-1)/(2°3*3*5399);
b := 874692909829157423843962103022465845798429129725427665065768\
051954313

> isprime(b);
false

Knowing thatb is not prime, we have a 69-digit numberto factorize.lt is usuallyhopeless
in a PC, but now we arelucky, with the pollard  option we can breakthis numberin ap-
proximatelyl5 minutes®. Withoutthis option,with thebasicallyinterpretedVorrison-Brillhart
methodtheifactor  will stayunsuccesfufor muchlongertime.

> ifactor(b, pollard’);

(10819096345425007095734545669640557980594988462603498411463)
(80847131951)

> ¢:=b/80847131951:

Observing thatthe Maple-systenwrites the completefactorizationonly if the factorsare
prime (in the othercasee.g. for ¢ we would have _c59), we know, that investigatingc with
theifactor  function we get the answertrue. However, we have to prove this too. The
guestionarises,when canwe believe "surely” the Maple-systemif it says,thata numberis
prime. Analysingthe operationof theisprime  functionwith thefollowing commands

> interface(verboseproc=2):
> print(isprime);

2Hereandbelow: usingatleasta PCPentium
3Theoutputof the print functionis omitted



we conclude thatthe systemexaminesgcd-sup to approximatelyl 08, sovery strictly this
is the lower bound. However, the Maple guaranteeshe safetyfor muchlarger numberstoo.
In this paperwe fix our lower bound— consideringhe point of view of safetyanddecreasing
the useup of space- at 20 decimaldigits. Thuswe believe the true answerof the isprime
function without resenation up to this bound(it is an easyexerciseto check,thatthe prime
numberdelon thisboundarereally primes).Turningbackto thenumbere, we haveto factorize
c— 1.

> ifactor(c-1,’easy’);
(2)(23) (617) (381195699578077904859930437236296172947466297745172941)

> di=(c-1)/(2*23*617):;
Now we have a 54 digit large prime candidatelet uscontinuewith d — 1.
> ifactor(d-1,’easy’);

(2)%(5) (7)%(11) (13) (29) (853) _c85 (551231) (17977)
> e:=(d-1)/(4*5*49*11*13*29*853 *1797 7*55 1231) ;

e := 11096550617640991328150412126833359

We know surely thatthis 35 digit numberis not prime. The Mapleis ableto factorizeit in
15 minutes.

> ifactor(e);

(51386119357470140587) (215944514907757)

Sofinally we have a completefactorizationthuswe begin the exactproofs. First we prove
the prime propertyof d with themethodof POCKLINGTON.

> :=215944514907757:
> :=51386119357470140587:
> modp(power(2,d-1),d);

1
Observingthat f - g > [/d] we have to checkonly two gcd-s.

> gcd(modp(power(2,(d-1)/f),d), d);

> gcd(modp(power(2,(d-1)/g),d), d);
1

Thusd is prime,we cancontinuewith c¢. Now we usethe methodof BRILLHART, LEHMER
andSELFRIDGE, because — 1 hasonly afew primedivisors.

> modp(power(2,(c-1)/d),c);



5070659633100738759368526184715994149200912905277760631436

Similarly we getverylargeresultsfor modp(power(2,(c-1)/617),c) andmodp(power(2,(c-
1)/23),c) . Herewedisrggardedhedetails.With ourlastexponenffirst we areunsuccessful.

> modp(power(2,(c-1)/2),c);

Choosinganotherbasewe get
> modp(power(3,(c-1)/d),c);
3577790411510843518520960690125390427481232559654805086366

thuswe arereadywith c. To the prime propertyof a, we obsere, that ¢ is muchlarger,
thanthe productof the otherfactorsof a — 1, i.e. with the POCKLINGTON methodwe needto
computeonly onegcd.

> modp(power(2,a-1),a);

> gcd(modp(power(2,(a-1)/c),a), a);
1
With this we have provedexactly the prime propertyof a.

Conclusions
Summarizingwe havefoundverylargeprimesin thegeneralizedPascalstriangles andthe
Maple systemwasableto prove exactly the prime propertyof onecandidate.
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