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Abstract

It is a frequentproblemin network designto find a subgraphof a graphwith mini-
mumcostthatsatisfiescertainconnectivity requirements.Wegiveareview of thedifferent
classesof theproblemandthebestknown approximationalgorithms.

1 Introduction

An importantproblemin network designis to designnetworks that are resilient to failures.
Supposewe aregivena graph �������	��
� , whereeachedge � is associatedwith a cost ������� .
Thegoalis to find aspanningsubgraph��� of � thatsatisfiescertainconnectivity requirements,
atminimumcostof theedgesused.Suchapossiblerequirementis thatthesubgraph� � should
be � edge-connectedor � node-connected.A graphis � edge-connected if thedeletionof any
����� edgesleavesit connected.A graphis � node-connected, if it hasat least ����� nodesand
thedeletionof any ����� nodesleavesit connected.Soa � edge-connectednetwork continues
to allow communicationbetweenfunctioningsitesevenafterasmany as ���� links failed.

Unfortunatelyboththeminimumweight � edge-connectedsubgraphproblemandthemin-
imum weight � node-connectedsubgraphproblemsareNP-complete.Onepossibleway to get
“good” feasiblesolutionto an NP-completeproblemis to useapproximationalgorithms. An� -approximation algorithm is a polynomialalgorithmthat alwaysproducesa solutionwhose
valueis at most � timestheoptimumvalue.
Thepaperorganizedasfollows: in section2 and3 we investigatetheminimumweight � edge-
connectedsubgraphproblemand the minimum weight � node-connectedsubgraphproblem.
In section4 a generalizationof the minimum weight � edge-connectedsubgraphproblemis
considered.

2 Edge-connectivity problems

Let ��� ���	��
� be an undirectedgraphandfor every �"!#
 let �$�%���'&�( be a nonnegative
weight. Considertheproblemof finding a minimumweightspanningsubgraph)*�+���	��
-,.�
that is � edge-connected.Khuller and Vishkin [?] gave a methodthat yields a 2 factor ap-
proximationalgorithmfor this problem. Their algorithmrunsasfollows: replaceeachedge
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�/���102�435� with two directededges�%06�738� and �%39�70:� with eachedgehaving weight ������� . Call
this graph �<; . Thenchooseanarbitraryvertex = of �<; andfind a minimumweightsubgraph
)>; of �?; that contains� edge-disjointpathsfrom = to every othervertex of �?; . As it was
shown in [?] thissubgraphcanbefoundin polynomialtime. If at leastoneof thedirectededges
�%06�738� or �%39�70:� is pickedin )>; , thenadd �%06�738� to 
-, .
Lemma 1 The graph )��@���	��
A,.� is � edge-connected.

Proof: Supposethatwe canremove from )��B�C� edgessuchthat the remaininggraphis
not connected.Thenthereexistsa vertex 3 that is in a differentcomponentthan = . It is clear
that = cannothave � edge-disjointpathsto 3 in �?; . Thus, ) is � edge-connected.

Theorem 1 The weight of 
-, is at most twice the weight of the optimal solution.

Proof: Let �EDGF�H beanoptimalsolutionto theminimumweight � edge-connectedproblem.
Considerall theanti-paralleledgescorrespondingto edgesin �?DGF�H . We getadirectedsubgraph
in �<; with weight I$�$�%�?DJFKH1� . Thissubgraphalsohasthepropertythatit contains� edge-disjoint
pathsfrom = to any vertex 3 . As thealgorithmfoundtheminimumweightsubgraphsatisfying
this propertyit follows that ����
-,.�MLNI$�����EDGF�H%� .

If all theweightsareequalto onethentherearebetterapproximationalgorithms.For this
caseCheriyanand Thurimella [?] presentedan algorithm that achieves a performanceratio
I-�OIQPR���?����� .

3 Vertex connectivity problems

Let ��� ���	��
� be an undirectedgraphandfor every �"!#
 let �$�%���'&�( be a nonnegative
weight. Considertheproblemof finding a minimumweightspanningsubgraph)*�+���	��
-,.�
thatis � node-connected.For theunweightedcasethebestknown algorithmis dueto Cheriyan
andThurimella[?]: their algorithmachievesa performanceratio of �-�S��PQ� . For thegeneral
problemno constantfactorapproximationalgorithmsareknown. The bestknown algorithm
is the algorithmof Ravi andWilliamson [?] that achievesa factorof I$)T���5� where )T���R�U�
�V�W��PQIA�YXZXZX[�[��PQ� . For thecaseof finding a 2 vertex-connectedgraphwith minimumweight
an approximationalgorithmachieving ratio I?�#��P�\ wasgivenby Khuller andRaghavachari
[?]. Their algorithmusessimilar techniqueto theoneusedin theprevioussection.Theideais
asfollows: Createa new directedgraph �?; asfollows: replaceeachedge�<�]�%06�738� with two
directededges�%06�738� and �%39�70:� with eachedgehaving weight ������� . Let �^�_�a`6�7b5� bethelowest
edgein � . Add anew vertex = to � ; andthedirectededges�%=��4`:� and �%=��7b5� of weight0 to � ; .
Let ) ; beasubgraphin � ; with minimumweightthatcontains2 vertex-disjointpathsfrom =
to eachvertex 3 in � ; . FrankandTardos[?] showedthat ) ; canbefoundin polynomialtime.
If at leastoneof thedirectededges�%06�738� or �%39�70:� is pickedin )>; , thenadd �%06�738� to 
A, . It
canbeeasilyshown thatthegraph )c�@���	��
-,edefg�$h�� is 2 node-connected.

Theorem 2 The weight of 
-,edefg�$h is at most ��Ii�kjl � times the optimal solution.

Proof: Let �EDGF�H be a minimum weight 2 vertex-connectedsubgraphof � . Considerthe anti-
paralleledgescorrespondingto edgesin �EDGF�H . We geta directedsubgraphin � ; with weight
I$�$�%�?DJFKH1� . From ` and b thereare2 vertex-disjointdirectedpathsto everyvertex 3 andsothere
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are2 vertex-disjointdirectedpathsfrom = to everyothervertex 3 . Sincethealgorithmof Frank
andm Tardosfindstheminimumweightsubgraphof �?; having 2 vertex-disjoint pathsfrom = to
everyvertex 3 wegetthat ����
-,.�MLNI$�����EDGF�H%� . Sinceevery2 vertex-connectedgraphhasat least
\ edges,theminimumweightedgeof � is at most jl �����EDGF�H%� . So ����
-,edefg�$h��MLNIi� jl .

4 Generalized Steiner-problem

Wearegivenagraphwith non-negativeweightfunction �Ano
@p q�r ontheedges.Wearealso
givena function s>ntI$uvp w . Find aminimumweightsetof edges
E�yxC
 suchthatfor every
subsetz@x{� at least s|��z}� edgesof 
?� have exactly oneendpointin z .This problemcanbe
formulatedasanintegerproblem:

min ~���[� � � ` �
`��%�5��z}�4�M&Ns|��z}� for eachz�xN�	� (1)

` � !�fg(8�Z�$h for each�<!v
�X
A specialcaseof thisproblemis thesocalledgeneralizedSteinerproblem:find aminimum

weightsubgraphof � thatfor everypairof nodes3 and � containsat least=5�%39�7��� edge-disjoint
pathsfrom 3 to � . If =?�S� , thantheproblemreducesto theminimumweightk edge-connected
subgraphproblem.
A function svntI u p fg(5�Z�$h is calleduncrossable if s�����	�W( andif s|�%���	�Ys|�%���	�@� for any
two sets� and � , theneither s|�1��d����}�Cs|�%��������#� or s��%���T���}�Ys����Y�T���}�#� .
A function s>ntI$uvp w is calledweakly supermodular if s|�����}�C( andfor any two sets� and
� wehave
s|�%������s|�%���.L maxf�s|�%���T���6��s|�%�S�����K�Ks|�%��d����6��s|�1��������h .

For uncrossablefunctions s Williamson[?] et al. give a factor2 approximationalgorithm.
Thealgorithmusestheprimal-dualmethodfor approximationalgorithms.Thedualof thelinear
programmingrelaxationof (1) is:

max ~ � u
� ��z}��b���z}�

~��� ���Z��� �g� b���z}� LN������� for each�<!v
 (2)

b���z}�.&�( for eachz�xN�}X
Algorithm Uncrossablebegins with the infeasibleprimal solution ¡��£¢ andthe feasible

dualsolution b � �]( for all z . As long asthereexistsa violatedset(that is a set z suchthat� ��z}�M�¤� and �¦¥	��z}�M�#( ), thealgorithmiteratively performsa primal-dualimprovementstep.
In eachiteration,thealgorithmfirst identifiestheminimal (with respectto inclusion)violated
setsfor ¡ ; we will call thesesetsactive. Thenthe algorithmincreasesthe valueof the dual
solutionby uniformly raisingthevariablesb � correspondingto theactive setsuntil someedge
� becomestight, i.e. , �$�%������§ �Q� ���[��� ��� b¨��z}� . Edge � is thenaddedto ¡ . When ¡ becomes
feasible,thealgorithmexecutesanedge-deletionstage,eliminatingunnecessaryedgesfrom ¡ .
We denotethe resultingsetof edgesby ¡ � . Sinceat the endof the algorithm b is a feasible
dual solution,the following theoremimplies that algorithmuncrossableis a 2-approximation
algorithm.
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Theorem 3 If ¡�� and b are the set of edges and the dual variables, respectively, returned by
the algorithm, then § ��� ¥R© �������MLNI § � b���z}� .

Williamson et al. [?] provided a I$)T��s�ª�«�¬g� -approximationalgorithm for the casewhen
the function s is weakly supermodular. We call this algorithm weakly supermodular. The
algorithmworksin phases,andensuresthatafterphase wehaveasetof edges¡yF thatsatisfies
s®Ft��z}�	�Ys���z}�¨��s¯ª�«�¬}�� . Henceafter s�ª�«�¬ phasesthesetof edges¡�°�±8²´³ is a feasiblesolution
to theproblem.To augmentthesetof edges¡:FZµ j to ¡yF wehaveto addleastoneedgeto eachcut
�5��z�� for which ¶·�®¥¦¸4¹�º®��z��¯¶o»�s®Ft��z}� . Let

� Ft��z��}��¼¾½�`�f�sKF8��z}���W¶·�®¥¦¸4¹�º¦��z}�K��( . It canbeprooved
that the function

�
is uncrossable.Soaugmenting¡:F º to ¡:F we have to solve the IP program

with function
� F . To solve this we caninvoke thealgorithmuncrossabledefinedabove. Thus

thealgorithmconsistsof s¯ª�«�¬ invocationof theUncrossablealgorithm.

Theorem 4 The algorithm weakly supermodular is a I$)T��s¯ª�«�¬g� approximation algorithm for
any weakly supermodular function s , where )T��s¯ª�«�¬g�}�¿� ����PQIi�NXZX[X¯�N�¯PQs�ª�«�¬ .

4.1 A 2-approximation algorithm

RecentlyJain[?] presenteda 2-approximationalgorithmfor theproblem(1) with weakly su-
permodularfunctions.Therelaxationof theproblemis:

min ~���[� � � ` �
`��%�5��z}�4�M&Ns|��z}� for eachz�xN�	� (3)

(ÀL�` � LS� for each�<!v
�X
We assumethatwe aregivenanoraclethatdecidesfrom a vector ` whether̀ is a feasible

solutionof (3) or it findsaconstraintthatis not satisfied.Thealgorithmworksasfollows:
1. Solve the(3) LP programoptimally (this canbedoneby theellipsoidmethod).
2. Makeanoptimalextremepoint solutionfrom anoptimalsolution.
3. Fix thoseedgesto 1 thathavevalueat least1/2 in theoptimalextremepoint solution.
4. Deletetheseedgesandsolvetheremainingproblemiteratively.

Theorem 5 (Jain) In any extreme point solution of problem (3) there is at least one edge with
` � &S��PQI .

Accordingto this theoremafterat most ¶ 
�¶ iterationwe geta feasiblesolutionof (3).
Let ÁeÂ beanextremepointsolutionof problem(3) andlet 
 ºÃ r betheedgeswith ÁvÂ¯�����M&S��PQI .
Let �EÄ �ÆÅ �+�@��
 ºÃ r . After fixing the valuesof the edgesof 
 ºÃ r to 1 we have to solve the
following modifiedproblem:

min ~���[�¨�ÈÇRÉ1ÊGË � � � ` �

`���� ÇRÉ1ÊGË ��z��Ì�.&Ns|��z}��� ~���Z� ºÃ�ÍoÎ �%ÏQÐÒÑKÓ
� for eachz�xN�}� (4)

(ÀL�` � LS� for each�?!v
/�%�EÄ ��Å �®X
Thefunctionin problem(4) is weaklysupermodularsowecando theiterationagain.
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Theorem 6 Let Ô Â and Ô ÂÄ �ÆÅ be the optimal values of (3) and (4) respectively. If 
iÄ ��Å is a solution
of problem (4) with weight at most I�Ô ÂÄ �ÆÅ then 
iÄ ��Å d�
 ºÃ r is a feasible solution of (3)with weight
at most I$Ô Â .

Thetheoremshows that thefinal solutionis at mosttwice theoptimumsothealgorithmis
a2-approximation.
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