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Abstract

Theaimof thepresenpaperiis to introducethe notionandbasicpropertief integralsaswell asto shav their
importance.Accordingto Buchbeger’s didacticprinciple (see[1]) the computeralgebrasoftware Maple assists
makingeasiertheway of learning. Theworksheetvaswritten duringmy stayin Nijmegenunderthe supervision
of A. H. M. Levelt. Theproceduresrefree andcanbe obtainedvia e-mailfrom the authoror by downloading
from this site. | hopethat this introductionwill be usefulnot only for calculusstudentsut for everyonewho
wantsto knov moreaboutthis importantpart of mathematicsThroughoutthis paperwe usedMapleV Release
5, which is a registeredtrademarkof WaterlooMaple Software. This work was supportecby TEMPUS JEP
09269-95.

AMS indices:00A35,26A42

1 Intr oduction

Problem: Let f be a positive valued(bounded)function on a closed(finite) interval [a, b] of the real numbers.
Computethe areaof the region in the z,y planeboundedby the graphof f, the z-axis andthe straightlines
r=a, x="0.
EXAMPLE 1.1.

> fi=x->x*sin(x)"2;

f =z — zsin(z)?

> plot(f(x),x=1..3,y=0..2,scaling=CON STRAINED);
For “general”functionsthis looks like a hardproblem. However, for sometypesof specialfunctions(e.g.linear
functions)the problemis easy Let uslook at stepfunctions A stepfunctiong on [a, b] is givenby a subdivision
of [a, b], i.e. afinite sequencef numberse = a9 < a; < ... < a, = bandfunctionvaluesvy, .. ., v, suchthat
g(z) = v; for all z suchthata;_; < z < a; for all 4, whereag)(xz) = 0 for all x < a andz > b.
Sincestepfunctiongplay animportantrole we introducethe procedurestepfunction to producethem. It has

two argumentsa subdiision S anda list of functionvaluesV’. With the notationsabove S = [aq, - .., a,] and
V=1vi,...,vn]
EXAMPLE 1.2.

> S:=[3,3.7,5,6.2,7.1,8]: V:=[2.5,-1,4.2,3,-2]:

> g:=stepfunction(S,V):
> plot(g,x=0..10,scaling=CONSTRAINED) ;
For positive stepfunctionghe solutionto the areaproblemis immediateandgivenby the formula

(CLZ' — a,-,l) V;.

n
=1

k2

Notethatthis formula makessenseor generalstepfunctionsthe resultingnumberrepresentshe areaabove the
z-axisminustheareabelow the z-axis. Theprocedurent _stepyieldstheabove sumfor givenS andV'.
EXAMPLE 1.3.
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For the stepfunctiorny in Examplel.2. theareaunderthegraphof g is
> int_step(S,V);

6.39

Now backto the problemfor generalfunctions. The ideais to approximatesucha function f by stepfunctions.
E.g.,acontinuoudunction canbe well approximatedvith constanion suficiently smallintervals. Let uslook at
thefunction f of Examplel.l.
EXAMPLE 1.4.
Take aregular subdvision of [a, b], i.e. asubdvisioninto n subintenalsof equallength.

> fi=x->x*sin(x)"2:

> n=10:

> Si=[seq(1.+2*i/n,'i'=0..n)];

S :=[1., 1.200000000, 1.400000000, 1.600000000, 1.800000000, 2.,
2.200000000, 2.400000000, 2.600000000, 2.800000000, 3.]

For thevalueof the stepfunctioron [a;_1 , a;] we choosef(a;). Hence
> V:i=[seq(f(S[i),'=2..n+1)];



Figure2:

V :=[1.042436229, 1.359555639, 1.598635820, 1.707082575, 1.653643621,
1.438066157, 1.095001220, .6909283272, .3142077702, .05974457007]

> g:=stepfunction(S,V):
> plot(\{f(x),g(x)\},x=1..3);
Thisplot shavsthefunction f andits approximatingstepfunctiory. Somedaemon(in factMaple’s procedurent)
tellsusthattheareaunderthegraphof f equalsto 2.264846340 whereaghe areaunderthegraphof g is givenby
> int_step(S,V);

2.191860385

which canbe roundedto 2.192. Neithervery good nor totally bad asan approximation. We can get a better
approximatiorby increasinghe numberof subintenals:
> n:=50: S:=[seq(1.+2*i/n,'I'=0..n)]:
V:=[seq(f(S[i),'I'=2..n+1)]:
g:=stepfunction(S,V):
plot(\{f(x),g(x)\},x=1..3,numpoints =500) ; g:='g"
int_step(S,V);

vV V V V

2.251554949

roundedto 2.252, amuchbetterapproximation.
Exercisel.1.
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Considertthefunction
f:xz—>v1-—22

Theregion underthe graphof f betweerz = 0, x = 1 is a 90 degreecircle sector Hencethe areaequalsto

m /4. Usethe above methodof approximatiorby regular stepfunctiongo find anapproximatiorof . How mary

subintenalsareneededo approximater with anerrorlessthenor equalto 1/50?
TheMaplepackagéstudent”’containghefunctionsleftsum andrightsum, whicharein caseof regularsubdi-

visionthesameasthefunctionint _step. |.e.,thefunctionleftsum (rightsum) computes numericalapproximation

to adefiniteintegral usingrectanglesTheheightof eachrectanglds determinedy thevalueof thefunctionatthe

left (right) sideof eachsubintenal. A graphof theapproximatiorcanbe obtainedby the Maple procedurdeftbox

(rightbox).

Exercisel.2.

Approximatethe function

fl@)=v1+a3

ontheintarval [4, 6] by regularstepfunctionsisingthe procedure
o leftsum,
e rightsum

with anerrorlessthan0.01. How mary subintenalswereneededn eachcase?
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2 The Riemannintegral

For a boundedfunction f on a (finite) interval [a, b] and a subdvision S of [a,b] one candefinetwo special
stepfunctionsl/ and L (upperandlower stepfunctionjasfollows.
Let S :=[ao, ..., as]. Thenforalli (1 < < n) andz satisfyinga;_1 < z < a; oneputs

U(z) =sup(f(y) : ai-1 <y < a;)

and
L(z) =inf(f(y) : ai-1 <y < ai),
respectiely.
EXAMPLE 2.1. (cf. EXAMPLE 1.4.)
> fi=x->x*sin(x)"2: n:=10: S:=[seq(1.+2*i'/n,'i'=0..n)]:

> integral_plot(f,S,’ riemann’);
5 By definitionthe graphof f lies belov thatof U andabove theoneof L. Hencethe areal below thegraph

of f mustsatisfy
lower(f,S) < I < upper(f,S).
Herelower (resp.upper) is theareaunderthegraphof L (resp.U). In ourexampleit meanghevalues
> lower(f,S);

1.992058554
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> upper(f,S);
2.521327986

If we make the subdiision finer andfinertheapproximatiorof I by upper andlower shouldbe betterandbetter
> n:=25: S:=[seq(1.+2*i/n,'I'=0..n)]:
> integral_plot(f,S,’ riemann’);
> lower(f,S);

2.157692545
> upper(f,S);
2.369400318

Let usdenotethe subdiision S devidedinto n subintenalsby S,,. Now we mustrealizethat“the areaunderthe
graphof f” hasnever beenproperly defined(thoughit is a very intuitive notion). The notionsintroducedhere,
however, give a goodopportunity

Definition: f is called(Riemann-)integrableif thereexistsarealnumberl suchthat
I = lim lower(f,S,) = lim upper(f,S,).
n—o00 n—oo
Thenumberl is calledthe“integral of f over|a, b]”.

Notations: fabf(m) dxz commonlyor sometimesn text form
int(f(z),z = a..b).
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2.1 Basicproperties
Theproofscanbefoundin any textbookon calculus.

(@) f isintegrableover [a,b] if andonly if for every e > 0 thereexists a subdvision S of [a,b] suchthat
upper(f,S)—lower(f,S) < e. (Theexistenceof a realnumberI with the propertylower(f,S) < I <
upper(f, S) isaconsequence.)

(b) In thedefinition of “integrable”the notionssubdivisionandregular subdivisionare equivalent. To be more
precisethe subintenalscanhave differentlength,providedonly thatasn increaseshelengthof thelongest
subintenal tendsto 0.

(c) If fiscontinuoughenf isintegrable.(It is aconsequencef uniform continuityof f on|a, b].)
(d) Everymonotonicfunctionis integrable.(upper(f, S)—lower(f, S) caneasilybe estimated.)

(e) If f andg areintegrableover [a, b] thenf + g is integrableand

/ (@) + 9(e)) do = / ey da + / o)

(f) If fisintegrableovera,b] andc is arealnumberthenc - f is integrableand

/abcf(w)d;c:c/abf(x)dx.



(9) Let f beintegrableover [a,b] ande > 0. Thenthereexists§ > 0 with the following property: for ary
subdvision S = [ao, . . ., a,] into subintenalsof lengthsmallerthand andary b, . .., b, satisfyinga; 1 <
b; < a; thedifferenceof the“Riemannsum”from theintegral of f is lessthanepsilon,i.e.

n

b
Z(ai —ai1) f(bi) —/ f(z)dx

i=1

<e.

(h) (Immediateconsequencef g.) Let f beintegrableover[a, b] ande > 0. Thenthereexistsa positive integer
n suchthatfor all by, ... ., b, satisfyingb; € [a;_1, a;]

n

(> F()/n— / ' fa)da

i=1

< E.

(i) (anotherimportantconsequencef g.) Let f be continuouson [a, b]. Thenthereexistsac € [a, b] suchthat

b
/ f(@)dz = (b—a) f(c).

It is oftencalledthe “meanvaluetheorem”of theintegral calculus.

EXAMPLE 2.2.
(c) shawsthatin EXAMPLE 1.4 thefunction

f : z — xsin(z)?

is integrable whereagh) impliesthatint_step(S, V') goesto ff z sin(z)? dx for n — oo. Hence

n 1 21 in(1 242 3
lim Z (1+5)sin(l+5) :/ zsin(z)? dz.
1

n—oo 4 n
=1

Exercise2.1.
Prove that

n /n2 — 2
lim Y ~—— =n/4.
n—oo im1 n

Hint: Look at [} v/1 — 22 dz.

3 Integration in closedform

Let usrecallthe so-calledfundamentatheoemof calculus

Theorem 1. Let f bea continuousfunctionon theinterval [a, b]. Forary ¢ € [a,b] defineg(c) = [; f(z)dz.
Thenc — ¢(c) is adifferentiablefunctionon[a, b] andg’(c) = f(c) for all ¢ € [a, b].

This theoremis extremelyuseful. Becauséf we have to computethe value f; f(x) dz andwe aresofortunateto
find afunctiong suchthatg’ = f, then

b
/ f(@) dz = g(b) — g(a).

Suchafunctiong is calleda primitive of f (or anti-derivativeof f, indefiniteintegral of f). g is determinedupto
anadditive constantTheusualnotationfor g(z) is [ f(z) dz. Now we cancomputémmediatelylots of integrals:
EXAMPLE 3.1.

> Int(3*X"2-5*x"7,x=3..5);

5
/ 322 —527dx
3



In orderto computethis integral we mustfind a functiong suchthat
> diff(g(x),x)=3*x"2-5*X"7;

9 — 9.2 7
6mg(gv)_3zr; 5z

Oneseesmmediatelythat
> @:=X->X"3-5/8*X78;

)

3 8

g =z =2 — -z
8

is sucha function. And so
> Int(3*x"2-5*x"7,x=3..5)=g(5)-g(3); g:='g"

5
/ 322 — 51" dx = —239942
3

EXAMPLE 3.2.
> Int(2*x*exp(x"2),x=1..2);

2 2
/ 2z dg
1

We mustfind afunctiong suchthat
> diff(g(x),x)=2*x*exp(X"2);

0 2
il - C)
p glx)=2ze

Herewe are“fortunate” again,becaus@neseesat oncethat
> gi=x->exp(x°2);
g:=z— @)
will do. Sowe find
> Int(x*exp(x"2),x=1..2)=g(2)-g(1);
2 2
/ ze)dr=¢—e
1
Apply evalf if youwantanumericalresult,
> evalf(g(2)-g(1)); g:=g"
51.87986820

EXAMPLE 3.3.
> Int(In(x)"2,x);

/ln(m)2 dx

Now we shouldfind g suchthat
> diff(g(x),x)=In(x)"2;

o (a) = In(a)?

Thisis abit harder However, we canproceedasfollows. We canfind a g whichis almostOK:
> gi=x->x*In(x)"2;

g:=2 — zln(z)?

Then



> diff(g(x),x);
In(z)? + 21In(z)

In this expressionwe shouldgetrid of theterm2In(z). Soif we canfind afunction b satisfyingh’(z) = 2In(z),
we aredone,becausghenwe canreplaceg by g — h. Sowe arereducedo a similar, but simplerproblem. A
candidateor h is givenby h(z) = 2zln(z). Thenh/(z) = 2In(z) + 2. Now we mustgetrid of theterm2. This
is easy:replaceh(x) by h(z) — 2x:

> hi=x->2*x*In(x)-2*X;

h:=z = 2zln(z) — 2z
> diff(h(x),x);
21n(x)

Thisis whatwe werelooking for. Henceour g becomes
> g:=x->(x*In(x)"2-(2*x*In(x)-2*X));

g:=z— zln(z)? - 2zIn(z) + 2z

Check:
> diff(9(x),x);

In(z)?

Thetrick appliedtwice in the latter exampleis the so-calledintegration by parts which canbe expressedy the
following formula

[ @) (g 9@)do = 1) % g0) ~ [ (5 £(@)) g(a) d.

Thisis valid for continuouslydifferentiablefunctions f andg. The proofis by differentiation.
Exercise3.1.
Computethe primitivesof the following functions.Checkthe resultsby differentiating:

° fmdx
o [zsin(z)dx
o [2?cos(z)dx

Exercise3.2. (cf. EXAMPLE 1.4.)
Computeff zsin(z)? dz.
Hint: usetherelationcos(2z) = 1 — 2sin(x)?2.
EXAMPLE 3.4.

> Int(1/(x*In(x)),x);

/ﬂ%(m)dw

(restrictedto x > 1). Hereintegrationby partsseemgpowerless.In textbooksyou mayfind:

1 1
/ (@) = / In(z) An(@) = Inln(z)).

The first relation makes sensewhenone appliesthe thumbrule: dg(z) = g'(z)dz; the secondone by putting

In(z) = y, namely
1
—dy=1n
/y y = In(y)

andsubstitutingby y = In(x). Thisjuggling canbeturnedinto a precisetheorem:



Theorem 2. (“Substitutionrule”) Let g be a continuouslydifferentiablefunction on [a,b] and f a continuous
functiondefinedfor all g(c) wherec € [a,b]. Then

9(y) y
[ iwa= | f(g(y))(é%g(y))dy

forally € [a, b].

Theproof of this usefultheoremis very simple: differentiateboth sidesof the formulawith respecto y. Thenone
getsanequality Soboth memberdgliffer by a constan(i.e.independentf y). Finally, substitutey = a. Oftenthe
substitutiorrule is writtenin alesscarefulway:

/ f(z) dz = / o)) (%g@))dy.

Example3.4. now goesasfollows: let

f(z) =1/(z In(z))

and

9(y) = exp(y)-
Then

fl9(y)) = 1/(y exp(y))

and

9'(y) = exp(y).
Hencewe find )

/f(:c) dr = / ; dy = In(y) = In(In(x))
EXAMPLE 3.5.
> Int(1/sqrt(1-x"2),x);
/ L @
V1 — z2

Herethe substitutionz = sin(y) is helpful. To beabit moreprecisethe functionf(z) = ﬁ is definedandit

is greaterthan0 for —1 < x < 1 andg(y) = sin(y) is restrictedto —w < y < . Then
_ 1 _ 1 _ 1
- /1=sin(y)?  (Jeos(y)?  cos(y)’

becauseos(y) > 0 for thevaluesof y underconsiderationSinceg’ (y) = cos(y) thesubstitutionformulayields
J f(z)dz = y. Obviously, we wanty asafunctionof z. Thisis easy:y — = is theinversefunctionarcsinof sin.
Hence

flg(v))

/ 1 dx = arcsin(z).
V1—a2

Exercise3.3.

Computef H;Tz) dz andcheckyour resultby differentiating.

Hint: substituter = 2 arctan(t). Firstshow that

21

[ ] sin(m) = T+e2>

1—¢2

e cos(z) = T

o & 2arctan(t) = 5.

The substitutiorrule now shavs thatour integralis replaceddy [ g(t) dt whereg is arationalfunctionof ¢.
Remark: This methodworksfor ary integral of theform [ f(sin(z), cos(z)) dz, wheref is rationalfunction of
two variables.

Exercise3.4.

Compute[ de.

1
sin(z)+cos(z)



4 How the computer works?

The methodappliedin the two precedingexercisesds not obvious. Therearemary moremethodsfor computing
primitivesof specialclasse®f functions.Until recentlythe computatiorof primitivesof elementanfunctions(an
elementanyfunctionis traditionally meantto be an elementof the setof functionsthatcanbebuilt up recursvely
by startingfrom Q(x) andtaking sums,products,quotients,logarithms,exponentials,algebraicfunctionsand
compositionof them)camedown to skillfully applyinga whole “bag of tricks”. This hasbeenso for centuries
andmary greatmathematiciantave beenoccupiedwith this problem. A practicalapproachconsistsof making
integral tables large collectionsof functionsandtheir primitives. Only sincethe fundamentawork of Robert
Risch we disposeof an algorithm which decideswhetherthe primitive of an elementaryfunction is againan
elementaryunction,andif it is, it will becomputedHis algorithmis (partly) implementedn the biggercomputer
algebrasystemglike Maple). It is too complicatedo explain here.However, becausef theRischalgorithmthere
is lessneedof exerciseswith the bagof tricks. Sowe shallnot dive into integrationmethoddor specialclasse®f
functions.Insteadsomeexamplesof Maple’sint procedurewill be shown.
EXAMPLE 4.1.

> Int(1/sqrt(3-2*x-X"2),x);

1
| ==
> value(%);
aurcsin(1 + 1ac)
2 2

Checkby differentiating!
EXAMPLE 4.2.
> Int(sin(x)"2*cos(x)"5,X);

/ sin(z)? cos(z)® dx
> value(%);

—% sin(z) cos(z)° + —= cos(z)? sin(x) + — cos(x)? sin(z) + —— sin(z)

35 105 105
EXAMPLE 4.3.
> Int((2*X"3-2*x"2-1)/(x-1)"2*exp(X"2 ), X);
3 _ 9.2 _ (z2)
/(2 x> —22x A1) e
(z —1)?

> value(%);

T e($2)

z—1

Now let usseehow Mapleis working whencomputingsuchintegrals.
> infolevel[int]:=2:

> Int((-exp(X)-x+In(X)*x+In(x)*x*exp( I x*(exp (X)+x )2), X);
/—e‘” —z+In(z)z +In(x)xe” i
x (e® + z)?

> value(%);
> infolevel[int]:=0:

int/indef: first-stage indefinite integration
int/indef2: second-stage indefinite integration
int/indef2: trying integration by parts
int/rischnorm: enter Risch-Norman integrator
int/risch: enter Risch integration
int/risch/algebraicl: RootOfs should be algebraic numbers and functions

int/risch: the field extensions are



X, e, In(.X)]

int/risch: Introduce the namings:

{_thl = 6_X, _thg = ln(_X)}

unknown: integrand is

—_thy — X + _X _thy + _thy X _th
X (thy + X)?

int/risch/logpoly: integrating

—_thy — X + _X _thy + _thy _X _thy

X (-thy + _X)?
int/risch/int; integrand is

14 _thy

(Lthy + _X)?

int/risch/ratpart: integrating

14 _thy

(_thy + _X)2

int/risch/ratpart: Hermite reduction yields

1
_ X
_thi + X +/Od

int/risch/int; integrand is
0
int/risch/int: integrand is
0
int/risch/logpoly: result is
e
_thy + X
int/risch: exit Risch integration
_ In(z)
et +x

Whatwe have seen?At the first stageof the integrationroutine Maple tries to simplify the problemby applying
the known integrationrulesfor polynomials(rule (e) in section2.). Next, (asary calculusstudentwould) tries
to integrate using simple table lookup processes.Thenlooks for other specifictypesof intergrandsand uses
appropriatamethodsintegrationby parttechniquepossiblesubstitutiongherecalledderivative-devidesmethod).
This heuristicmethodusedby Maple obtainsthe correctanswerfor a suprisinglylarge percentagef integral



problems.(And evenveryquickly). If theheuristicpartfailsthenthe problemis corvertedinto theexp-log notation
andafinite decisionproceduras invoked. Theresultof thelatterprocedurewill beeithertheintegral expressedn
the exp-log notationor anindicationthatcould not find the elementaryintegral in which cases| f(z) dz returns
itself. Doesit meanthat the elementaryintegral doesnot exist? Not by all means. In suchcasessomevery
elementarytrick could help.
EXAMPLE 4.4.— Don't trustMaple’sintegratortoo much.

> f=x->log(x+sqrt(x"2+1));

fi=z —>log(z + Va2 +1)
> Int(f(x),x);
/ln(w +va2+1)de
> value(%);
/ln(a: + V22 +1)de
Wouldit meanthattheresultis notanelementaryfunction?Putting

fx)=In(z + V22 + 1),

the partialintegrationyields

> Int(f(X),X) = X*f(x)'lnt(X*diff(f(X),X),)();
x
(14 ——)
[+ VE T o= inGe s Vo) - [ L,

> value(%);

/ln(m—}— 22+ 1) de=zln(z+ V22 +1) — V22 + 1.

Exercise4.1.
Compute/ earesin(@) gy,

5 Impr operintegrals

Thenotion of integral asdefinedabove is ratherrestrictive, mary extensionsandgeneralization®ave beengiven.

Heretwo simple extensionswill be presentedpneto unboundedunctionsandanotheroneto infinite intervals.

Insteadof statinggeneraldefinitionsandtheoremsave shalllook at somespecificexamples.
Considetthefunction

1
on [0, 1]. Thefunction f is notwell-definedin z = 0. Let usput f(0) = 0 (or ary otherrealvalue).Now look at
> Int(1/sqrt(x),x=y..1) = int(1/sqrt(x),x=y..1);

1
1
—dr=2-2./y
[

wherey is a positve numberessthanl. Obviously this expressiorhas2 asthelimit wheny — 0. Define

L | L |
—dz =1 —dz.

Thenwe have

|
—dz = 2.
| v



Theintegral ontheleft is calledanimproperintegral. Now let us seethe extensionto infinite intervals. Look at
thefollowing example:
> Int(1/x"2,x=1..y)=int(1/x"2,x=1..y) ;

Y1 1
1z Y

Theright-handmemberhaslimit 1 for y — oo. Defining

oo Yy 1
/ — dx = lim —2da:
1

x2 y—oo J; T

o0
1
—dz =1

Theleft-handsideis againcalledanimproperintegral. Next we have anexampleof a doublyimproperintegral:

weget

> Int(exp(-x)*(2*x-1)/sqgrt(x),x=0..in finit y);

0 o(—1) _

/ e (2z-1) i
0 VT
Theinterval is infinite andtheintegrandis unboundedearz = 0. Now for 0 < y < z look at
> Int(exp(-x)*(2*x-1)/sqrt(x),x=y..z) =valu e(%);
Zel=2) (22 — 1)
T Cdr=-2zel7) 2 eV
[

Wheny — 0 andz — oo (independently)theright-handsidetendsto 0. Hence

©el=2) (22 — 1)
—————=dz =0.
) e

Therearemary interestingmproperintegrals,e.g.the Dirichlet integral
> Int(sin(x)/x,x=0..infinity);
/ sin(z) i
0 Z'

1
— .

2

Mapledoesnt computethis integral but knowsit. We shallskip the proof.
Anotherfamousoneis the gamma-functiongefinedby

o0
'(z) =/ @D (-0 gy
0

> value(%);

forall z > 1.
Exerciseb.1.
Provethat

e (1) =1,
e I'(z+1) =2l (z),
e I'(n) = (n — 1)! whenn is apositive integer.

Hint: integrationby parts.
Lastbut not least,somegoodadyvice:useyour brainsandthink twice beforecomputing.Theintegral

T sint
[t
_x 14+sin°t
seemdo be hardto evaluatebut thereis alsono need.You canalmostimmediatelyconcludethatthe integrandis
oddandthereforetheintegral mustbe equalto zero.



6 Numerical integration

We have seenthat somefunctionscannotbe integratedin termsof elementaryfunctions. This is not asbadas

you may expect,becausén practiceit oftensufficesto find anapproximatevalueof the definiteintegral andthere

exists good methodsof numericalapproximation.We shallnow discussthe simplestand mostobvious methods

calledquadrature techniques We wish to direct specialattentionto the fundamentafact thatthe meaningof an

approximatecalculationis not preciseunlesst is supplementetly anestimateof the errorsoccurring.
Thenotationsandcorventionsusedhereare:

I=/abf(w)dw,

wherea andb areconstantga < b) and f(x) is givenasa continuousdifferentiablefunction. Thenwe know
thatthe integral exists. We have seenin Chapter2 thatwe may restrictto regular subdvisions,thereforelet the
interval of integrationbe dividedinto n equalpartsof lengthh = (b — a)/n. We denotethe pointsof subdiisions
by zo = a,z1 = a+ h,...,z, = b, andthe valuesof the function at the pointsof division by fo, f1,..., fn-
Similarly, the valuesof the function at the midpointsof theintervals by f%, f%, .. .,f2n2__1. It is fairly naturalto
usethe Riemannsumapproximatiorto I, aswe did it in section2. The proceduresubdiv(a,b,n)— we shalluseit
in thenext examples— returnsaregularsubdvision [a = g, 21, ..., 2z, = b].
EXAMPLE 6.1.

> f=x->1/x: S:= subdiv(1,2,10):

> integral_plot(f,S, riemann’);

Upper and Lower Stepfunctions
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Figure7:

> upper(f,S);



7187714032
> lower(f,S);
.6687714032

We have alower approximatiorfor I as0.66877 andanupperone,whichis 0.71877. Thesediffer by 0.05 sothere
maybeanerrorgreaterthen7%if eitherof thesevaluesis takenasanestimateor theintegral. “OK, let ussimply
choosea finer subdvision andwe shall get a betterapproximation"would be the next idea. Obsene, however,
thatwe have to calculatethe minimum (or the maximum)of the functionin every subinteral [z;, z;1], whichis
rathercostly anderrorprone. This methodis easyto applyif theintegrandf(z) is known to be monotonic.And
the othercases?The techniqguementionedabove is not a very goodonefrom practicalpoint of view. We require
bettertechniquedo satisfytwo importantcriteria:

1. Thetechnigueshouldgive resultsof high accurag.
2. Thetechniqueshouldrequireonly a smallnumberof functionevaluations.

In mostcaseghe Riemann-sunmethoddoesnot satisfythe criterial and 2 but it enablesusto formulateother
methodgealizingbetterthesedesirableproperties. The mostobvious methodfor approximatingo I without cal-
culatingmaximum(or minimum)valueson the subintenalsis directly connectedvith the goodold stepfunctions.
For the value of the stepfunctioron [z;, z;+1] we choosef;. Thenfor the integral we have got an approximate
expression:

I~h(fot+tfi+. .-+ fa1)-

This methodis calledrectanglerule. (Hereandhereaftethe symbol~ means'is approximatelyequalto”.)
EXAMPLE 6.2.

> F=x->x"(1/2)*sin(x)*cos(x): n:=6: S:=subdiv(0,2,n):

> integral_plot(f,S, rectangle’);

> int_num(f,S, rectangle’);

.3903146893

We obtain a closerapproximationwith no greatertrouble if we replacethe rectangleareaby a trapezoidarea
h(f: + fir1)/2. For thewholeintegral this givesthe approximatesxpression:

I~h(fi+ fot ..+ fac1) + h(fo + fn)/2.

Thisis thetrapezoidformula, since,whenthe areasf the trapezoidsaareadded eachvalueof thefunctionexcept
thefirst andthelastoccurstwice.

> integral_plot(f,S,'trapezoid’);

> int_num(f,S, trapezoid’);

3011246599

Theapproximatiorbecomegvenbetterif insteadof choosingthetrapezoidundera chordwe chosethetrapezoid
underthe tangentto the curve at the point with the abscissar = z; + % The areaof this trapezoidis simply
hfiyss andthe approximatiorfor theentireintegralis

I'~h(fL+fz +...+f2n2_—1)
whichis calledthetangentformula Let usseehow it is work.
> integral_plot(f,S, tangent’);
> int_num(f,S,'tangent’);
.3187318652

The next methodis called mid-pointrule. In this casewe assumehe function valuesbetweenz; andz;,; are
constaneandhave thevalueequalto thefunctionvalueat (z; + x;41)/2.
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> integral_plot(f,S,’mid-point’);
> int_num(f,S,’'mid-point’);

3187318652

Obsene, thatthe valuesof theapproximatingntegralin the caseof thetangentmethodandthe mid-pointmethod
arethesamels it a coincidenceExplainwhy not.

Thenext methoddepend®nestimatinghe subareaf theintegral attwo adjacensubintenals,i.e. betweerthe
abscissa; andz; + 2h = ;2 by consideringhe upperboundaryto be no longera straightline but a parabola.
To be moreprecise the parabolavhich passeshroughthe threepointsof the curve with abscissa:;, z;11, Zi12.
Theequationof the parabolds

( —zi) (fir1 = fi) N (x =) (x =2 = h) (fire =2 fira + fi)
h 2 h2

y=[fi+

Exercise6.1. Prove thelatter statement.
After abrief calculationwe gettheareaunderthe parabola:

h(fi +4 fix1 + fiy2)
3 .
If weassumehatn = 2m, i.e. thatn is even,by theadditionof the subareasve obtainthe Simpsorsrule:

JL A(CR i)+ 250" f2i) + fo+ fom)
5 .

> integral_plot(f,S,’simpson’);
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> int_num(f,S,'simpson’);
3141154642
Theintegral of f(x) canalsobeexpressedn closedform.
> Int(X"(1/2)*sin(x)*cos(x),'x'=0..2) =int( f(x),, x=0. .2);
2 1 1 2
/ v sin(z) cos(z) dz = —= cos(4) V2 + = /7 FresnelC(2 i)
0 4 8 VT
(If youdon't agreefeelfreeto check!) Theapproximatevalue:
> evalf(int(x"(1/2)*sin(x)*cos(x), x’ =0..2 ));
.3126735508

It is worth to comparetheresultsgettingby the differentmethods:

¢ Rectangleule: .3903146893

Trapezoidrule; .3011246599

Tangentrule: .3187318652

Simpsonsrule; .3141154642

Maple approximatiorof the closedform: .3126735508
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In our examplethe Simpsons rule seemso bethe bestconcerninghe criterial and?2. Is this alwaystrue or only
a coincidenceagain?We needan estimationof the error,

Estimationscanbe easilygivenfor eachof our methodsjf boundsfor the derivativesof thefunction f(z) are
known throughoutheinterval of integration.Let M, , M>, .. . beupperboundsfor the absolutevaluesof thefirst,

second, .. derivatives,i.e. we assumehatthroughouthe interval |f(") (m)| < M; for all 4. Thenthe estimation
formulasareasfollows:

e Rectanglaule: Y1)t

2
e Tangentule: X2(t-a)h”

. 3
e Trapezoidrule: 225~

. 5
o Simpsonsrule: Mk

Fromthelasttwo estimategherealsofollow estimategor the entireintegral. We see that Simpsons rule hasan
error of muchhigherorderin the small quantity » thanthe others,so that where M, is nottoo large, it is very
adwantageousor practicalcalculations.The proofsof the estimatesare quite simpleusingthe Taylor's theorem
andcanbefoundin every textbookson numericalmethods.

There are other kinds of very important quadraturemethodsbasedon orthogonalpolynomials (Gaussian
quadratures).Thereare known (and used)methodsif the integrand f(z) is not finite or one of its derivatives

is infinite at somepointin [a, b] (singularintegrals). In mary casesmiscellaneousechniquesare alsoavailable
(seriessxpansions|aplaceor Fouriertransforms).
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Exercise6.2.
(a) Take a larger valuefor n, the numberof subintenals, redothe numericalintegrationsabove and checkthe
improvementsn theapproximations.
(b) The numericalcomputationsanbe improved by allow a highervalueto the built-in Maple variableDigits.
E.g.

> Digits:=20: int_num(f,S,’simpson’); Digits:=10:

.31411546415523086841
Recomputeéhe numericalintegral valuesof EXAMPLE 5.2 using20 decimal“Digits”.

(c) Calculate
> Int(exp(-x"2),’x’=0..infinity);
/ e(_$2) dz
0

to within 0.01.
(d) Fromtheformula
> Pil4 = Int(1/(1+x°2),'x'=0..1);

1 S|

Zr= —— d

r /0 241
calculater

¢ usingthetrapezoidiormulawith A = 0.1,
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e usingSimpsonsrule with A = 0.1.
(e) Calculate
> Int(1/(sqrt(1+x°4)),'x’=0..1);
=
—dx
o V142t

numericallywith anerrorlessthan0.1.

Exercise6.3.

Using the trapezoidrule with n subdvisions— let us denodethe integral approximationby I,, — calculatethe
following integralswith n = 2,4, 8,16, ...,512.

° fol efzgdaf,
. fol z*/2dx,

4 dzx
s f—4 T+z2°

27 dz
0  2+cos(z)’

o [y € cos(4x)dz.

Exercise6.4.
Repeathe previousexerciseusingSimpsonsrule.



7 Applications

7.1 The areaasan integral

Theideaof areawasour starting-poinfor thedefinitionof theintegral; but theconnectiorbetweerdefiniteintegral
andareais still incomplete. The areaswith which we are concernedn geometryare boundedby given closed
curves.Ontheotherhand,theareameasuredby theintegral I = fab f(z) dz is boundedonly in partby the given
curvey = f(xz), therestof theboundanconsistingof lineswhichdependnthechoiceof thecoordinatesystem.If
we introducet formally asanew independenvariablein theaboveintegralwriting z = z(t), vy = y(t) = f(x(t)),

we have ) "
[ 1@de= [ yto) (g xen

wherety andt; arethe valuesof the parametercorrespondingo the abscissa;y = a andz; = b respectiely.
Herewe supposeéhat every point of the branchof the curvey = f(x) correspondso a singlevalueof ¢ in the
intenval tg < t < t;, andcorversely;furthermoref(z) is everywherepositve and% x(t) nevervanishedn this
interval.

We canexpressour formulafor theareain a moreelegantsymmetricafform if we first transformtheintegral
by integrationby parts:

t1 o t1 b t1
|y gxendt=— [ x(t) (5 v@)de+ory|

t t to
Sincethecurveis closed,

m(tO) = x(tl)a y(tO) = y(t1)7
andtherefore
t1 b t1 o p
r=— [ s Gy = [ x5 v

If we form thearithmeticmeanof thetwo expressionsve obtainthe symmetricaform

;-1 “ o) d p
=5 | 300 Gy x0) = x) (5 vt .
EXAMPLE 7.1. )
As anexampleof the applicationof our formulafor theareaconsideltheellipseﬁ—z + ¥ = 1. Sowe candefine
thefunction
> f=x-> bla*sgrt(a”2-x"2);

bva? — z2

a

f=xz—

In orderto find its areawe take the upperandlower halvesof the ellipseseparatelandin this way we canexpress
theareaby theintegral
> 2*Int(f(x),x=-a..a)=value(2*int(f(x ) X=- a.a)) ;

*bva? — x2 * bva? — x2
2 Td:czQ de

If, however, we usethe parametriacepresentatiom = a x cos(t), y = b * sin(¢), wefind that
> -1/2*Int(b*sin(t)*diff(a*cos(t),t)-
> a*cos(t)*diff(b*sin(t),t),t=0..2*Pi );

1 27
~3 / — bsin(t)? a — acos(t)? bdt
0

which hasthevalue
> value(%);

bam



In this subsectiorwe have basedthe definition of the areaon the conceptof integral and have shavn that
this analyticaldefinition hasatruly geometricatharactersinceit yields a quantityindependenof the coordinate
system.lt is, however, easyto give a direct geometricaldefinition of the areaboundedby a closedcurve which
doesnot intersectitself, asfollows: the areais the upperboundof the areasof all polygonslying interior to the
curve. Theproofthatthetwo definitionsareequialentis quite simple,but will notbegivenhere.

7.2 Areasin polar coordinates

For mary purposest is importantto be ableto calculateareasusing polar coordinates.Let » = f(6) be the
equationof a curve in polarcoordinatesLet I bethe areaof the region which is boundedby the z-axis (thatis,

theline 8 = 0), theline throughthe origin makingananglef with the z-axis,andthe portionof thecurve between
thesetwo lines. By the fundamentatheoremof the integral calculus,the areaof the sectorbetweenthe polar

anglesa andg is givenby the expression
B
% / £6)? db.

a

If B > «, thisexpressiorcannotbe lessthanzero.

EXAMPLE 7.2.

Considerthe areaboundedby the oneloop of alemniscate.The equationof the lemniscatds r2 = 2a2 cos 286,

andwe obtainoneloop by letting § vary from — 7 to +%. Theshapeof oneloop of thelemniscatewith a = 1 is
> plot([2*cos(2*theta),theta,theta=-P i/4.. Pil4], coord s=pol ar);

0.4 1
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—0.2 1

0.4 -

Figurel3:

Theareaof theloopin generals
> a 2*Int(cos(2*theta),theta=-Pi/4..P i14);



[V

1/4m
a / cos(26)de.

—1/47

We find thatthe valueof theintegralis
> value(%);

7.3 Length of acurve

Anotherimportantgeometricatonceptssociateavith acurveleadsto anintegration. Thisis thelengthof arc. To
expressthelengthanalyticallyby anintegral, in fact,we think of the curve asrepresentetdy a functiony = f(z)

with a continuousderivativey’. By thepointsa = z,, -, ...,z, = b we divideuptheintervala < z < b of the
z-axis, overwhich our curve lies, into n. — 1 subinteralsof lengthAz,, ..., Az, ;. In thecurve we inscribea
polygonwhoseverticeslie vertically above thesepoints. Thelengthof the curve is thendefinedto be thelimit of

the perimeterof thesanscribedpolygons providedthatsuchalimit doesexist andis independentf theparticular
way in which the polygonsarechosen.This assumptioris calledrectifiability. Sothetotal lengthof theinscribed
polygonis givenaccordingto Pythagorasheoremby the expression

Z \/A.Z’ —|—Ayz Z 1 iiz

But by the meanvaluetheoremof the differential calculusthe differencequotientAy; /Az; is equalto f'(&;),
where¢; is anintermediatevaluein theinternval Az;. If we now let n increaseébeyondall boundsandatthe same
time let thelengthof thelongestsubintenal Az; tendto zero,thenby thedefinition of integral our expressiorwill

tendto thelimit ,
1o} )
/a \/1+ (_833 y(z))? dx.

Theorem 3. Every curve y = f(z) for which the derivative f'(x) is continuousis a rectifiablecurve, andits
lengthbetweenr = a andz = b (b > a) is givenby theformulaf: V14 (8% y(z))? dx.

Our expressiorfor thelengthof arcis still subjectto the specialandartifical assumptiorthatthe curve consistsof
onesingle-waluedbranchabove the z-axis. Parametricrepresentatiofreesus from this restriction. If a curve of
the kind which we have beenconsiderings givenin parametridorm by the equationse = z(t), v = y(t), then
by introducingthe parametet in the above expressiorwe obtainthe parametridorm of thelengthof arc

[ Vigxor + G

wherea andg arethevaluesof ¢ which correspondespectiely to the pointsof thecurvexz = ¢ andz = b.
Excercise?.1. Give thelengthof thearcwhenthecurweis expressedn polarcoordinates.
EXAMPLE 7.3.
Considerthe parabola
>  fi=x->1/2*x"2;

We establishedhefollowing theorem:

1
f:=$—>§$2

For its lengthof arcwe immediatelyobtaintheintegral
> Int(sqrt(1+x°2),x=a..b);

b
/\/1+a:2da:

which hasthevalue



> value(%);
1 1 1 1
5b 1+b2+§1n(b+\/1+b2)—ia\/1+a2—§ln(a+ 1+ a?)

EXAMPLE 7.4.

As anexamplefor a motionalonga pathor trajectoryconsiderthe cycloids which arisewhena circle rolls along
a straightline or anothercircle. Herewe limit ourselhesto the simplestcase,n which a circle of radiusR rolls

alongthe z-axis,andwe considera point on its circumferenceThis point thendescribes cycloid. If we choose
the origin of the coordinatesystemandtheinitial time in sucha way thatfor time ¢ = 0 the correspondingpoint

of thecurve coincideswith theorigin, we obtainthe parametriaepresentation

x = R(t —sin(t)), y = R(1 — cos(t))

for the cycloid. Heret denoteghe anglethroughwhich the circle hasturnedfrom its original position. Fromthe
above equationsve obtainat oncethat

0 .
5 x(t) = R(1 — cos(t)), 5 y(t) = Rsin(t).
Hencethelengthof thearcis
> Int(sqrt(diff(x(t),t)"2+diff(y(t),t )2), t=0.a Ipha) =
> Int(sqrt(2*R"2*(1-cos(t))),t=0..alp ha);

/a\/(% x(1))? + (% v (1))? dt = /ax/i VE2 (1= cos(t)) dt
0 0

Sincel — cos(t) = 2sin(t/2)? theintegrandis equalto 2R sin(t/2), hencefor 0 < o < 27 theequatiorbecomes
> Int(2*R*sin(t/2),t=0..alpha);

@ 1
/ 2 Rsin(> t) dt
0 2

Thevalueof thisintegralis
> value(%);

1
—4cos(§ a)R+4R

If we considerthelengthof arcbetweenwo successie cuspswe mustputa := 2 7. Thenwe have
> eval(subs(alpha=2*Pi,%));

8R

Thus,we obtainthatthelenghtof arc of the cycloid betweersuccessie cuspsis equalto four timesthe diameter
of therolling circle.

Similarly, we calculatethe areaboundediy onearchof the cycloid andthe z-axis. If R = 1 thenthis areahas
theform

> plot([t-sin(t),1-cos(t),t=0..2*Pi]) ;
Theareais

> Int(y(t)*diff(x(t),t),t=0..2*Pi)=

> R™2*Int((1-cos(t))"2,t=0..2*Pi);

/Ohy(t) (% x(t)) dt = B? /0”(1 _ cos(t))? dt
> value(rhs(%));
3R’nw

This areais thereforethreetimesthe areaof therolling circle.



1.5+

0.5+

Exercise7.2. Calculatetheareaboundecby the semicubicaparabolay = z#, thez-axisandthelinesz = a and
y = b. Calculatethelengthof arcof it.

Exercise7.3. Find the volumeandsurfaceareaof the torus (or anchorring) obtainedby rotatinga circle abouta
line which doesnot intersectt.

Exercise 7.4. Find the areaof a catenoid the surfaceobtainedby rotatingan arc of the catenaryy = cosh(z)
aboutthe z-axis.

Thepossibilitiesof applicationf differentialandintegral calculusareunboundedin sciencesindengineering
mathematicamodelsaredevelopedto aid in theunderstandingf physicalphenomenaThesemodelsoftenyield
anequatiorthatcontainssomederivativesof anunknowvn function. Suchanequatioris calleddifferentialequation.
In orderto solve theseequation®nerequireghetheoryof integration.In this paperwe did thefirst stepstowards
betterunderstandinghe mathematicahndrealworld in which we live.
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