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Abstract

Theaimof thepresentpaperis to introducethenotionandbasicpropertiesof integralsaswell asto show their
importance.Accordingto Buchberger’s didacticprinciple(see[1]) thecomputeralgebrasoftwareMapleassists
makingeasierthewayof learning.Theworksheetwaswrittenduringmy stayin Nijmegenunderthesupervision
of A. H. M. Levelt. Theproceduresarefreeandcanbeobtainedvia e-mail from theauthoror by downloading
from this site. I hopethat this introductionwill be usefulnot only for calculusstudentsbut for everyonewho
wantsto know moreaboutthis importantpartof mathematics.Throughoutthis paperwe usedMapleV Release
5, which is a registeredtrademarkof WaterlooMaple Software. This work wassupportedby TEMPUS JEP
09269-95.
AMS indices:00A35,26A42

1 Intr oduction

Problem: Let
�

be a positive valued(bounded)function on a closed(finite) interval � ������� of the real numbers.
Computethe areaof the region in the 	
��� planeboundedby the graphof

�
, the 	 -axis and the straight lines	������	��� .

EXAMPLE 1.1.� f:=x->x*sin(x)ˆ2; ��� �	���	�������� 	"!$#� plot(f(x),x=1..3,y=0..2,scaling=CON STRAINED);
For “general” functionsthis looks like a hardproblem.However, for sometypesof specialfunctions(e.g.linear
functions)theproblemis easy. Let us look at stepfunctions. A stepfunction% on � ������� is givenby a subdivision
of � ������� , i.e. a finite sequenceof numbers�&'�)(+*��-,.*0/1/2/"*��43�5� andfunctionvalues67,8�1/2/1/9��683 suchthat%:� 	"!;<68= for all 	 suchthat �4= >?,A@B	C*<�4= for all D , whereas%:� 	�!E�F for all 	G*B� and 	CH<� .

Sincestepfunctionsplay an importantrole we introducethe procedurestepfunction to producethem. It has
two arguments,a subdivision I anda list of functionvalues J . With the notationsabove IKL� � ( �1/2/1/9��� 3 � andJ00� 6 , �1/2/1/2��6 3 � .
EXAMPLE 1.2.� S:=[3,3.7,5,6.2,7.1,8]: V:=[2.5,-1,4.2,3,-2]:� g:=stepfunction(S,V):� plot(g,x=0..10,scaling=CONSTRAINED) ;
For positivestepfunctionsthesolutionto theareaproblemis immediateandgivenby theformula3M =ON�, �P� =:Q � = >?, !46 = /
Notethat this formulamakessensefor generalstepfunctions:theresultingnumberrepresentstheareaabove the	 -axisminustheareabelow the 	 -axis.Theprocedureint stepyieldstheabovesumfor given I and J .
EXAMPLE 1.3.

1
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Figure1:

For thestepfunction% in Example1.2. theareaunderthegraphof % is� int_step(S,V); R / SUT
Now backto the problemfor generalfunctions. The ideais to approximatesucha function

�
by stepfunctions.

E.g.,a continuousfunctioncanbewell approximatedwith constanton sufficiently small intervals. Let us look at
thefunction

�
of Example1.1.

EXAMPLE 1.4.
Takea regular subdivisionof � ������� , i.e. asubdivision into V subintervalsof equallength.� f:=x->x*sin(x)ˆ2:� n:=10:� S:=[seq(1.+2*‘i‘/n,‘i‘=0..n)];

I � W�YX7/��:X7/ ZUFUFUF7FUF7FUFUF[�-XU/ \7F7FUF7FUFUF7FUF[�-XU/ R F7FUFUF7FUF7FUF-�[XU/ ]UFUF7FUF7FUFUF7F-�7Z-/��Z-/ ZUFUFUF7FUF7FUFUF[�7Z^/ \7F7FUF7FUFUF7FUF[�7Z^/ R F7FUFUF7FUF7FUF-�)Z^/ ]UFUF7FUF7FUFUF7F-�US[/ �
For thevalueof thestepfunctionon � � =P>:, ��� = � we choose

� �P� = ! . Hence� V:=[seq(f(S[‘i‘]),‘i‘=2..n+1)];
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Figure2:

J � 0��XU/ F8\4Z_\)S R Z7Z8T[�-XU/ S7`UT7`U`7` R SUT-�[XU/a`8TU] R S)`8]7ZUF-�-X7/ab8F)b8FU]7Z7`7bU`^�-X7/ R `8S R \7S R Z^X7�X7/ \)SU]7F RUR Xc`)b4�-X7/ F7T7`8F7F-XdZUZ8F[�-/ R TUF7T7ZU]US7Z)b8Z-�-/ S[X1\4Z8F)b7bUb8F7Z^�[/ F)`8T)b_\U\4`7b_F7F)bd�� g:=stepfunction(S,V):� plot(\{f(x),g(x)\},x=1..3);
Thisplot showsthefunction

�
andits approximatingstepfunction% . Somedaemon(in factMaple’sprocedureint )

tellsusthattheareaunderthegraphof
�

equalsto Z-/ Z R \)]8\ R S8\)F whereastheareaunderthegraphof % is givenby� int_step(S,V); Z^/OX2T-Xc] R FUSU])`
which can be roundedto Z^/OX2T7Z . Neither very goodnor totally bad asan approximation. We can get a better
approximationby increasingthenumberof subintervals:� n:=50: S:=[seq(1.+2*‘i‘/n,‘i‘=0..n)]:� V:=[seq(f(S[‘i‘]),‘i‘=2..n+1)]:� g:=stepfunction(S,V):� plot(\{f(x),g(x)\},x=1..3,numpoints =500) ; g:=’g’:� int_step(S,V); Z^/aZU`^Xd`U`8\7T8\)T
roundedto Z^/aZU`7Z , amuchbetterapproximation.
Exercise1.1.
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Figure3:

Considerthefunction �e� 	��gf X Q 	 # /
The region underthe graphof

�
between	heF-�i	�jX is a T7F degreecircle sector. Hencethe areaequalstok�l \ . Usetheabovemethodof approximationby regularstepfunctionsto find anapproximationof k . How many

subintervalsareneededto approximatek with anerrorlessthenor equalto X l `8F ?
TheMaplepackage“student”containsthefunctionsleftsum andrightsum, whicharein caseof regularsubdi-

visionthesameasthefunctionint step. I.e.,thefunctionleftsum (rightsum) computesanumericalapproximation
to adefiniteintegralusingrectangles.Theheightof eachrectangleis determinedby thevalueof thefunctionat the
left (right) sideof eachsubinterval. A graphof theapproximationcanbeobtainedby theMapleprocedureleftbox
(rightbox ).
Exercise1.2.
Approximatethefunction � � 	"!; f XEmn	po
on theintarval � \[� R � by regularstepfunctionsusingtheprocedureq leftsum,q rightsum

with anerrorlessthan F-/ F-X . How many subintervalswereneededin eachcase?
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Figure4:

2 The Riemann integral

For a boundedfunction
�

on a (finite) interval � �p����� and a subdivision I of � ������� one can definetwo special
stepfunctions:r and s (upperandlowerstepfunction)asfollows.

Let I � 5� � ( �2/1/1/2��� 3 � . Thenfor all Dt��Xu*vDE*vV
! and 	 satisfying � =P>:, @w	G*B� = oneputsrx� 	�!E sup� � � �-! � � = >?, @w�y*w� = !
and sA� 	"!; inf � � � �-! � � =P>:, @w�&*w� = !9�
respectively.
EXAMPLE 2.1. (cf. EXAMPLE 1.4.)� f:=x->x*sin(x)ˆ2: n:=10: S:=[seq(1.+2*‘i‘/n,‘i‘=0..n)]:� integral_plot(f,S,’riemann’);

5 By definitionthegraphof
�

lies below thatof r andabove theoneof s . Hencetheareaz below thegraph

of
�

mustsatisfy
lower � � ��I;!{*Bzx* upper � � ��It!9/

Herelower (resp.upper) is theareaunderthegraphof s (resp. r ). In ourexampleit meansthevalues� lower(f,S); XU/ TUT7ZUF7`U]7`U`8\
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Figure5:� upper(f,S); Z^/a`UZ^XcS7Z)b_TU] R
If wemake thesubdivisionfinerandfiner theapproximationof z by upper andlower shouldbebetterandbetter.� n:=25: S:=[seq(1.+2*‘i‘/n,‘i‘=0..n)]:� integral_plot(f,S,’riemann’);� lower(f,S); Z^/OXc`7b R T)ZU`_\4`� upper(f,S); Z^/ S R TU\7F7FUS-Xc]
Let usdenotethesubdivision I devidedinto V subintervalsby I:3 . Now we mustrealizethat “the areaunderthe
graphof

�
” hasnever beenproperlydefined(thoughit is a very intuitive notion). The notionsintroducedhere,

however, givea goodopportunity.

Definition:
�

is called(Riemann-)integrableif thereexistsa realnumberz suchthatz+}|O�O~3U�.���P�4�+�7� � � ��I 3 !;}|��O~3U�.�������E�7� � � ��I 3 !9/
Thenumberz is calledthe“integralof

�
over � ������� ”.

Notations: �;�� � � 	"!^�7	 commonlyor sometimesin text form
int � � � 	"!���	����/O/ �9! .
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Figure6:

2.1 Basicproperties

Theproofscanbefoundin any textbookon calculus.

(a)
�

is integrableover � ������� if and only if for every �'H�F thereexists a subdivision I of � ������� suchthat
upper � � ��It! Q lower � � ��It!�@�� . (The existenceof a real number z with the propertylower � � ��It!�*�zn*
upper � � ��It! is aconsequence.)

(b) In thedefinitionof “integrable” the notionssubdivisionandregular subdivisionareequivalent. To bemore
precisethesubintervalscanhavedifferentlength,providedonly thatas V increasesthelengthof thelongest
subinterval tendsto F .

(c) If
�

is continuousthen
�

is integrable.(It is aconsequenceof uniformcontinuityof
�

on � ������� .)
(d) Everymonotonicfunctionis integrable.(upper � � ��It! Q lower � � ��It! caneasilybeestimated.)

(e) If
�

and % areintegrableover � ������� then
� m�% is integrableand� �� � � �P	�!
m�%:� 	�!�!^�7	� � �� � �P	�!^�7	�m � �� %:� 	�!-�U	�/

(f) If
�

is integrableover � ������� and � is a realnumberthen �i� � is integrableand� �� � � � 	�!-�U	��� � �� � � 	"!^�U	�/
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(g) Let
�

be integrableover � �p����� and �<H�F . Then thereexists �vH�F with the following property: for any
subdivision I�0� �)(U�1/2/1/9���43)� into subintervalsof lengthsmallerthan � andany �1,d�2/1/1/2����3 satisfying�4=P>:,�*��=�*w�)= thedifferenceof the“Riemannsum” from theintegralof

�
is lessthanepsilon,i.e.���� 3M =�N�, ��� =?Q � =P>:, ! � ��� = ! Q � �� � � 	�!-�U	 ���� @v�4/

(h) (Immediateconsequenceof g.) Let
�

beintegrableover � ������� and �xH�F . Thenthereexistsa positive integerV suchthatfor all �1,c�2/1/2/1���93 satisfying�9=¡ �� �4= >?,d���)=P�����£¢ 3M =ON�, � ��� = !�¤d¥^V Q � �� � � 	�!-�U	 ���� @B�4/
(i) (anotherimportantconsequenceof g.) Let

�
becontinuouson � �p����� . Thenthereexistsa �A �� �p����� suchthat� �� � � 	�!-�U	�W��� Q �^! � �P�2!�/

It is oftencalledthe“meanvaluetheorem”of theintegral calculus.

EXAMPLE 2.2.
(c) shows thatin EXAMPLE 1.4thefunction �¦� 	���	x���O�
�P	�!$#
is integrable,whereas(h) impliesthat int step( I¡��J ) goesto � o, 	����O��� 	"! # �U	 for VG�¨§ . Hence

|O�O~3U�.� 3M =ON�, ��XEm # =3 !^�������$XEm # =3 ! #V  � o, 	�������� 	�!�#��7	
/
Exercise2.1.
Provethat |O��~37�.� 3M =�N�,ª© V # Q D #V #  k�l \p/
Hint: Look at � ,( © X Q 	 # �7	 .

3 Integration in closedform

Let usrecalltheso-calledfundamentaltheoremof calculus.

Theorem1. Let
�

be a continuousfunctionon the interval � ������� . For any �� K� ������� define %"���1!. ��«� � � 	"!^�7	 .
Then �¬�%:�P�1! is adifferentiablefunctionon � ������� and %^®P�P�2!; � ���1! for all �� ¯� ������� .

This theoremis extremelyuseful.Becauseif we have to computethevalue ���� � � 	"!^�U	 andwe aresofortunateto
find a function % suchthat % ®  �

, then � �� � � 	"!^�U	�<%:���9! Q %:�P�^!�/
Sucha function % is calledaprimitiveof

�
(or anti-derivativeof

�
, indefiniteintegral of

�
). % is determinedup to

anadditiveconstant.Theusualnotationfor %"�P	�! is � � � 	"!^�U	 . Now wecancomputeimmediatelylotsof integrals:
EXAMPLE 3.1.� Int(3*xˆ2-5*xˆ7,x=3..5); �v°o S�	 #{Q `¡	�±?�U	
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In orderto computethis integral wemustfind a function % suchthat� diff(g(x),x)=3*xˆ2-5*xˆ7; ²² 	y³ �P	�!t�S�	p# Q `¡	 ±
Oneseesimmediatelythat� g:=x->xˆ3-5/8*xˆ8; % � h	���	 o Q `] 	�´
is sucha function.And so� Int(3*xˆ2-5*xˆ7,x=3..5)=g(5)-g(3); g:=’g’:�v°o St	p# Q `¡	 ± �7	� Q Z8SUT7T8\4Z
EXAMPLE 3.2.� Int(2*x*exp(xˆ2),x=1..2); � #, Z¡	�µ7¶�·c¸$¹4�U	
We mustfind a function % suchthat� diff(g(x),x)=2*x*exp(xˆ2); ²² 	y³ �P	�!t�Z¡	�µ ¶�·c¸$¹
Herewe are“fortunate”again,becauseoneseesat oncethat� g:=x->exp(xˆ2); % � �	���µ7¶�·c¸$¹
will do. Sowefind� Int(x*exp(xˆ2),x=1..2)=g(2)-g(1); � #, 	�µ7¶�·2¸�¹4�U	��µcº Q µ
Apply evalf if youwantanumericalresult,� evalf(g(2)-g(1)); g:=’g’: `^XU/ ])b8TU] R ]7ZUF
EXAMPLE 3.3.� Int(ln(x)ˆ2,x); � |O�
�P	�!$#��U	
Now we shouldfind % suchthat� diff(g(x),x)=ln(x)ˆ2; ²² 	y³ �P	�!;h|���� 	"!$#
This is a bit harder. However, we canproceedasfollows. We canfind a % which is almostOK:� g:=x->x*ln(x)ˆ2; % � h	���	¬|���� 	"! #
Then
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� diff(g(x),x); |���� 	�!�#EmBZ¡|���� 	�!
In this expressionwe shouldgetrid of theterm Z8|��?�P	�! . Soif we canfind a function » satisfying » ® � 	"!¼'Z_|O�
� 	"! ,
we aredone,becausethenwe canreplace% by % Q » . So we arereducedto a similar, but simplerproblem. A
candidatefor » is givenby »
�P	�!¼5Z_	p|���� 	�! . Then » ® � 	"!¼5Z_|O�
� 	"!�mwZ . Now we mustgetrid of theterm Z . This
is easy:replace»�� 	�! by »
�P	�! Q Z8	 :� h:=x->2*x*ln(x)-2*x; » � �	��½Z¡	¬|O�
�P	�! Q Z¡	� diff(h(x),x); Z¡|���� 	�!
This is whatwewerelooking for. Henceour % becomes� g:=x->(x*ln(x)ˆ2-(2*x*ln(x)-2*x));% � �	���	¬|O���P	�!�# Q Z¡	¬|O�?� 	�!�mvZ�	
Check:� diff(g(x),x); |O���P	�!�#
The trick appliedtwice in the latterexampleis the so-calledintegration by partswhich canbeexpressedby the
following formula � � � 	"!:� ²² 	 %:� 	"!�!^�7	� � � 	"!
¾;%"�P	�! Q � � ²² 	 � �P	�!�!4%"�P	�!^�7	
/
This is valid for continuouslydifferentiablefunctions

�
and % . Theproof is by differentiation.

Exercise3.1.
Computetheprimitivesof thefollowing functions.Checktheresultsby differentiating:q � ,¶�·c¿ , ¹ ¸ �U	q � 	������
�P	�!^�7	q � 	 #?À1Á �2� 	�!-�U	
Exercise3.2. (cf. EXAMPLE 1.4.)
Compute� o, 	������
�P	�! # �7	 .
Hint: usetherelation À1Á �1�ÂZ_	"!;5X Q Z8���O�?� 	�! # .
EXAMPLE 3.4.� Int(1/(x*ln(x)),x); � X	¬|O�
� 	"! �7	
(restrictedto 	CHKX ). Hereintegrationby partsseemspowerless.In textbooksyoumayfind:� X	¬|O�
� 	"! �7	� � X|��
�P	�! �U|O���P	�!;h|���� |O�
� 	"!�!�/
The first relationmakessensewhenoneappliesthe thumbrule: � ³ � 	"!y ³ ® � 	�!��U	 ; the secondoneby putting
ln �P	�!;h� , namely � X� �7���|���� �-!
andsubstitutingby ���|���� 	�! . This juggling canbeturnedinto aprecisetheorem:
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Theorem2. (“Substitutionrule”) Let % be a continuouslydifferentiablefunction on � ������� and
�

a continuous
functiondefinedfor all %"���1! where �� �� ������� . Then�nÃ ¶�Ä9¹Ã ¶ � ¹ � � 	"!^�7	� � Ä� � �Å%:� �-!�!:� ²² � %:� �-!�!^�7�
for all �� ¯� ������� .

Theproofof thisusefultheoremis verysimple:differentiatebothsidesof theformulawith respectto � . Thenone
getsanequality. Sobothmembersdiffer by a constant(i.e. independentof � ). Finally, substitute���� . Oftenthe
substitutionrule is written in a lesscarefulway:� � �P	�!^�7	� � � �Å%:� �-!�!:� ²² � %:� �-!�!^�U�"/
Example3.4.now goesasfollows: let � �P	�!;5X l � 	�|��
�P	�!�!
and %:� �-!thÆ9Ç^È
� �-!9/
Then � �Å%:� �-!�!t5X l � �ÉÆ1Ç4È�� �-!�!
and % ® �P�^!t�Æ9Ç^È
�P�-!�/
Hencewefind � � � 	�!-�U	� � X� �U�x<|O���P�^!th|���� |O�
� 	"!�!9/
EXAMPLE 3.5.� Int(1/sqrt(1-xˆ2),x); � X

© X Q 	 # �U	
Herethesubstitution	ª'������� �-! is helpful. To bea bit moreprecisethefunction Ê�� 	"!� ,Ë ,�> · ¸ is definedandit
is greaterthan F for Q X�@w	C@KX and %:� �-!th���O�
� �-! is restrictedto Q k @w�&@ k . Then� �Å%:� �-!�!t Xf X Q ���O�
� �-! #  Xf À9Á �2� �-! #  XÀ9Á �2�P�-! �
becauseÀ1Á �2� �-!¬H�F for thevaluesof � underconsideration.Since% ® � �-!{ À9Á �2� �-! thesubstitutionformulayields� � �P	�!^�7	��� . Obviously, we want � asa functionof 	 . This is easy: ���½	 is theinversefunctionarcsinof sin.
Hence � X

© X Q 	 # �7	��ÌUÍ À ���O�?� 	"!�/
Exercise3.3.
Compute� ,, ¿:Î Ï Ð8¶O·2¹ �7	 andcheckyour resultby differentiating.
Hint: substitute	��Z�ÌUÍ À9Ñ ÌU�"�PÒ�! . First show thatq ���O�
�P	�!; #4Ó, ¿ Ó ¸ �q À9Á �2�P	�!; ,�> Ó ¸, ¿ Ó ¸ �q½ÔÔ Ó ZtÌ8Í À�Ñ ÌU�?� Ò�!t #, ¿ Ó ¸ .

Thesubstitutionrule now showsthatour integral is replacedby �+%"�PÒ�!^�7Ò where% is a rationalfunctionof Ò .
Remark: This methodworksfor any integral of theform � � �P�����
�P	�!9� À9Á �1� 	"!�!^�7	 , where

�
is rationalfunctionof

two variables.
Exercise3.4.
Compute� ,Î Ï ÐU¶�·2¹P¿:Õ×Ö�Î£¶O·2¹ �7	 .
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4 How the computer works?

Themethodappliedin the two precedingexercisesis not obvious. Therearemany moremethodsfor computing
primitivesof specialclassesof functions.Until recentlythecomputationof primitivesof elementaryfunctions(an
elementaryfunctionis traditionallymeantto beanelementof thesetof functionsthatcanbebuilt up recursively
by startingfrom Øv�P	�! and taking sums,products,quotients,logarithms,exponentials,algebraicfunctionsand
compositionsof them)camedown to skillfully applyinga whole “bag of tricks”. This hasbeenso for centuries
andmany greatmathematicianshave beenoccupiedwith this problem. A practicalapproachconsistsof making
integral tables, large collectionsof functionsandtheir primitives. Only sincethe fundamentalwork of Robert
Risch we disposeof an algorithm which decideswhetherthe primitive of an elementaryfunction is againan
elementaryfunction,andif it is, it will becomputed.His algorithmis (partly) implementedin thebiggercomputer
algebrasystems(likeMaple). It is toocomplicatedto explainhere.However, becauseof theRischalgorithmthere
is lessneedof exerciseswith thebagof tricks. Sowe shallnot dive into integrationmethodsfor specialclassesof
functions.Insteadsomeexamplesof Maple’s int procedurewill beshown.
EXAMPLE 4.1.� Int(1/sqrt(3-2*x-xˆ2),x); � X

© S Q Z¡	 Q 	 # �7	� value(%); Ì8Í À ���O�?� XZ m XZ 	�!
Checkby differentiating!
EXAMPLE 4.2.� Int(sin(x)ˆ2*cos(x)ˆ5,x); � ���O�
� 	"!$# À9Á �2� 	"! ° �7	� value(%);Q Xb ���O�
� 	"! À9Á �2�P	�!�Ùim XS7` À9Á �1�P	�! º ���O�
�P	�!�m \X2F)` À9Á �2� 	"! # ���O�
� 	"!
m ]XcF7` ������� 	�!
EXAMPLE 4.3.� Int((2*xˆ3-2*xˆ2-1)/(x-1)ˆ2*exp(xˆ2 ),x);� �ÂZ¡	 o Q Z¡	 # Q Xd!^µ ¶�·c¸�¹� 	 Q Xd! # �U	� value(%); 	�µ ¶�·c¸�¹	 Q X
Now let usseehow Mapleis workingwhencomputingsuchintegrals.� infolevel[int]:=2:� Int((-exp(x)-x+ln(x)*x+ln(x)*x*exp( x))/( x*(exp (x)+x )ˆ2), x);� Q µ · Q 	�mn|��
�P	�!4	xm�|O�
�P	�!4	�µ ·	Ú��µ · mn	�! # �U	� value(%);� infolevel[int]:=0:

int/indef: first-stage indefinite integration
int/indef2: second-stage indefinite integration

int/indef2: trying integration by parts
int/rischnorm: enter Risch-Norman integrator

int/risch: enter Risch integration
int/risch/algebraic1: RootOfs should be algebraic numbers and functions

int/risch: the field extensions are
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� Û¯�[µ Ü+�-|O�
� ÛC!£�
int/risch: Introduce the namings:Ý Þ ß , �µ Ü � ÞÅß # �|��
� ÛC!�à

unknown: integrand is

Q Þ ß , Q Û�m Û Þ ß # m Þ ß # Û Þ ß ,Ûá� Þ ß , m ÛC! #
int/risch/logpoly: integrating

Q Þ ß , Q Û�m Û Þ ß # m Þ ß # Û Þ ß ,Ûá� Þ ß ,�m ÛC! #
int/risch/int: integrand is

XEm Þ ß ,� ÞÅß ,tm ÛC! #
int/risch/ratpart: integrating

XEm Þ ß ,� ÞÅß ,tm ÛC! #
int/risch/ratpart: Hermite reduction yields

Q XÞ ß , m Û m � Ft� Û
int/risch/int: integrand is

F
int/risch/int: integrand is

F
int/risch/logpoly: result is

Q Þ ß #ÞÅß ,tm Û
int/risch: exit Risch integration

Q |���� 	�!µ · m�	
Whatwe have seen?At thefirst stageof the integrationroutineMaple tries to simplify theproblemby applying
the known integrationrulesfor polynomials(rule (e) in section2.). Next, (asany calculusstudentwould) tries
to integrateusing simple table lookup processes.Then looks for other specifictypesof intergrandsand uses
appropriatemethods:integrationby parttechnique,possiblesubstitutions(herecalledderivative-devidesmethod).
This heuristicmethodusedby Maple obtainsthe correctanswerfor a suprisinglylarge percentageof integral
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problems.(And evenveryquickly). If theheuristicpartfailsthentheproblemis convertedinto theexp-lognotation
andâ afinite decisionprocedureis invoked.Theresultof thelatterprocedurewill beeithertheintegralexpressedin
theexp-log notationor an indicationthatcouldnot find theelementaryintegral in which cases� � �P	�!^�7	 returns
itself. Doesit meanthat the elementaryintegral doesnot exist? Not by all means. In suchcasessomevery
elementarytrick couldhelp.
EXAMPLE 4.4.— Don’t trustMaple’s integratortoomuch.� f:=x->log(x+sqrt(xˆ2+1)); ��� h	���| Á ³ � 	�m�f 	 # m�X2!� Int(f(x),x); � |���� 	�m�f 	 # m�X2!^�7	� value(%); � |���� 	�m f 	 # m�X2!^�7	
Would it meanthattheresultis not anelementaryfunction?Putting� �P	�!;�|O�
� 	�m�f 	 # m�Xc!9�
thepartial integrationyields� Int(f(x),x) = x*f(x)-Int(x*diff(f(x),x),x);� |���� 	�m�f 	 # m�X2!^�7	��	¬|���� 	�m�f 	 # m�X2! Q � 	+�$XEm 	

© 	 # m�X !	�m © 	 # mhX �7	� value(%); � |���� 	�m�f 	 # m�X2!^�7	��	¬|���� 	�m�f 	 # m�Xc! Q f 	 # m�X8/
Exercise4.1.
Compute� µcã�ä Õ×Î Ï Ð_¶�·c¹ �U	 .

5 Impr oper integrals

Thenotionof integral asdefinedabove is ratherrestrictive,many extensionsandgeneralizationshavebeengiven.
Heretwo simpleextensionswill be presented,oneto unboundedfunctionsandanotheroneto infinite intervals.
Insteadof statinggeneraldefinitionsandtheoremsweshall look at somespecificexamples.

Considerthefunction �å� 	�� X
© 	

on � F-�2X9� . Thefunction
�

is not well-definedin 	��F . Let usput
� �PF)!thF (or any otherrealvalue).Now look at� Int(1/sqrt(x),x=y..1) = int(1/sqrt(x),x=y..1);� ,Ä X

© 	 �7	��Z Q Z © �
where� is a positivenumberlessthan X . Obviously this expressionhas Z asthelimit when ���½F . Define� ,( X

© 	 �U	�¦|��O~Ä �É( � ,Ä X
© 	 �7	
/

Thenwe have � ,( X
© 	 �7	��Z-/
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The integral on the left is calledan improper integral. Now let usseetheextensionto infinite intervals. Look at
thefollowing example:� Int(1/xˆ2,x=1..y)=int(1/xˆ2,x=1..y) ;� Ä, X	 # �7	� Q X� mhX
Theright-handmemberhaslimit X for ���æ§ . Defining� �, X	 # �U	�ç|O��~Ä �.� � Ä, X	 # �7	
weget � �, X	 # �7	�0XU/
Theleft-handsideis againcalledanimproperintegral. Next we haveanexampleof a doublyimproper integral:� Int(exp(-x)*(2*x-1)/sqrt(x),x=0..in finit y);� �( µ ¶ > ·2¹ ��Z�	 Q Xd!

© 	 �U	
Theinterval is infinite andtheintegrandis unboundednear	��F . Now for F�@w�y@wè look at� Int(exp(-x)*(2*x-1)/sqrt(x),x=y..z) =valu e(%);�né

Ä µ ¶ > ·c¹ ��Z¡	 Q Xc!
© 	 �7	� Q Z © è;µ ¶ > é ¹ mvZ © �{µ ¶ > Ä9¹

When �x��F and èÚ�æ§ (independently),theright-handsidetendsto F . Hence� �( µ ¶ > ·2¹ ��Z¡	 Q Xd!
© 	 �U	��F-/

Therearemany interestingimproperintegrals,e.g.theDirichlet integral� Int(sin(x)/x,x=0..infinity); � �( ���O�
�P	�!	 �7	� value(%); XZ k /
Mapledoesn’t computethis integralbut knowsit. We shallskip theproof.
Anotherfamousoneis thegamma-function,definedbyê �P	�!; � �( Ò ¶O· >?, ¹ µ ¶ > Ó ¹ �7Ò
for all 	Gë�X .
Exercise5.1.
Provethatq ê ��Xc!t0X ,q ê �P	�m�Xc!�h	 ê �P	�! ,q ê �PV
!;5�PV Q Xc!9ì when V is a positive integer.

Hint: integrationby parts.
Lastbut not least,somegoodadvice:useyourbrainsandthink twicebeforecomputing.Theintegral�ní> í �����{ÒX;mB���O� ´ Ò �7Ò
seemsto behardto evaluatebut thereis alsono need.You canalmostimmediatelyconcludethat theintegrandis
oddandthereforetheintegral mustbeequalto zero.
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6 Numerical integration

We have seenthat somefunctionscannotbe integratedin termsof elementaryfunctions. This is not asbadas
youmayexpect,becausein practiceit oftensufficesto find anapproximatevalueof thedefiniteintegralandthere
existsgoodmethodsof numericalapproximation.We shall now discussthesimplestandmostobviousmethods
calledquadrature techniques. We wish to direct specialattentionto the fundamentalfact that the meaningof an
approximatecalculationis not preciseunlessit is supplementedby anestimateof theerrorsoccurring.

Thenotationsandconventionsusedhereare:

z+ � �� � � 	"!^�U	��
where � and � areconstants�P�w@¦�9! and

� �P	�! is given asa continuousdifferentiablefunction. Thenwe know
that the integral exists. We have seenin Chapter2 thatwe may restrictto regularsubdivisions,thereforelet the
interval of integrationbedividedinto V equalpartsof length »&0��� Q �^! l V . Wedenotethepointsof subdivisions
by 	 ( å�p��	 , å��m�»?�2/1/2/9��	 3 e� , andthe valuesof the function at the pointsof division by

� ( � � , �1/2/1/2� � 3 .
Similarly, thevaluesof thefunctionat themidpointsof the intervalsby

�
î¸ ,
�:ï¸ �1/2/1/1� � ¸cð_ñ î¸ . It is fairly naturalto

usetheRiemannsumapproximationto z , aswedid it in section2. Theproceduresubdiv(a,b,n)— weshalluseit
in thenext examples— returnsa regularsubdivision � ��h	 ( ��	 , �1/1/2/9��	 3 ���� .
EXAMPLE 6.1.� f:=x->1/x: S:= subdiv(1,2,10):� integral_plot(f,S,’riemann’);

Figure7:� upper(f,S);



Submitted to HEJ. Manuscript no.: ANM-010201-A 17

/ab^X2])b7b4X2\7FUS)Z� lower(f,S); / R7R ])b7b4X2\7FUS)Z
Wehavealowerapproximationfor z as F-/ RUR ])b7b andanupperone,whichis F-/òb4Xc])bUb . Thesediffer by F[/ F)` sothere
maybeanerrorgreaterthen7%if eitherof thesevaluesis takenasanestimatefor theintegral. “OK, let ussimply
choosea finer subdivision andwe shall get a betterapproximation”would be the next idea. Observe, however,
thatwe have to calculatetheminimum(or themaximum)of thefunctionin every subinterval � 	p=���	p= ¿ ,�� , which is
rathercostlyanderror-prone.This methodis easyto apply if theintegrand

� �P	�! is known to bemonotonic.And
theothercases?Thetechniquementionedabove is not a very goodonefrom practicalpoint of view. We require
bettertechniquesto satisfytwo importantcriteria:

1. Thetechniqueshouldgiveresultsof highaccuracy.

2. Thetechniqueshouldrequireonly a smallnumberof functionevaluations.

In mostcasesthe Riemann-summethoddoesnot satisfythe criteria 1 and2 but it enablesus to formulateother
methodsrealizingbetterthesedesirableproperties.Themostobviousmethodfor approximatingto z without cal-
culatingmaximum(or minimum)valueson thesubintervalsis directlyconnectedwith thegoodold stepfunctions.
For the valueof the stepfunctionon � 	 = ��	 = ¿ , � we choose

� = . Thenfor the integral we have got an approximate
expression: z+ó�»�� � ( m � , mh/2/1/cm � 34>?, !�/
Thismethodis calledrectanglerule. (Hereandhereafterthesymbol ó means“is approximatelyequalto”.)
EXAMPLE 6.2.� f:=x->xˆ(1/2)*sin(x)*cos(x): n:=6: S:=subdiv(0,2,n):� integral_plot(f,S,’rectangle’);� int_num(f,S,’rectangle’); / S7TUFUS[X1\ R ]UT7S
We obtain a closerapproximationwith no greatertrouble if we replacethe rectangleareaby a trapezoidarea»�� � =pm � = ¿ ,1! l Z . For thewholeintegral thisgivestheapproximateexpression:z�ó�»�� � , m � # m�/1/2/cm � 34>:, !
mB»
� � ( m � 3 ! l Z-/
This is the trapezoidformula, since,whentheareasof thetrapezoidsareadded,eachvalueof thefunctionexcept
thefirst andthelastoccurstwice.� integral_plot(f,S,’trapezoid’);� int_num(f,S,’trapezoid’); / S7F-XUXdZ_\ R `8T7T
Theapproximationbecomesevenbetterif insteadof choosingthetrapezoidundera chordwe chosethetrapezoid
underthe tangentto the curve at the point with the abscissa	�e	 = måô# . The areaof this trapezoidis simply» � = ¿ î¸ , andtheapproximationfor theentireintegral isz+ó�»�� � î¸ m � ï¸ mh/2/1/dm � ¸cð_ñ î¸ !
which is calledthetangentformula. Let usseehow it is work.� integral_plot(f,S,’tangent’);� int_num(f,S,’tangent’); / S[X2])b8S-Xc] R `7Z
The next methodis calledmid-pointrule. In this casewe assumethe function valuesbetween	 = and 	 = ¿ , are
constantandhave thevalueequalto thefunctionvalueat � 	 = mn	 = ¿ , ! l Z .



Submitted to HEJ. Manuscript no.: ANM-010201-A 18

Figure8:

� integral_plot(f,S,’mid-point’);� int_num(f,S,’mid-point’); / S[X2])b8S-Xc] R `7Z
Observe,thatthevaluesof theapproximatingintegral in thecaseof thetangentmethodandthemid-pointmethod
arethesame.Is it a coincidence?Explainwhy not.

Thenext methoddependsonestimatingthesubareaof theintegralattwo adjacentsubintervals,i.e.betweenthe
abscissa	 = and 	 = mwZU»��	 = ¿ # by consideringtheupperboundaryto beno longera straightline but a parabola.
To bemoreprecise,theparabolawhich passesthroughthethreepointsof thecurvewith abscissa	 = , 	 = ¿ , , 	 = ¿ # .
Theequationof theparabolais

�� � =pm �P	 Q 	 = !:� � = ¿ ,iQ � = !» m �P	 Q 	 = !:� 	 Q 	 =?Q »p!:� � = ¿ # Q Z � = ¿ , m � = !Z;» # /
Exercise6.1.Provethelatterstatement.
After abrief calculationwe gettheareaundertheparabola:»Ú� � = mn\ � = ¿ , m � = ¿ # !S /
If weassumethat VG�Z8õ , i.e. that V is even,by theadditionof thesubareaswe obtaintheSimpson’srule:

z+ó ».� \A�Âö�÷=�N�, � # =P>:, !?mBZ¼�Âö�÷ >:,=�N�, � # = !�m � ( m � # ÷ !S /� integral_plot(f,S,’simpson’);
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Figure9:

� int_num(f,S,’simpson’); / S[X1\[X7Xc`8\ R \4Z
Theintegralof

� � 	"! canalsobeexpressedin closedform.� Int(xˆ(1/2)*sin(x)*cos(x),’x’=0..2) =int( f(x),’ x’=0. .2);� #( © 	A������� 	�! À9Á �c� 	"!^�7	� Q X\ À1Á �2� \)! © Z¬m X] © k.ø Í�Æ2���-Æ1| ùA��Z © Z
© k !

(If youdon’t agree,feel freeto check!)Theapproximatevalue:� evalf(int(xˆ(1/2)*sin(x)*cos(x),’x’ =0..2 ));/ S[XcZ R b_S)`U`8F7]
It is worth to comparetheresultsgettingby thedifferentmethods:q Rectanglerule: .3903146893q Trapezoidrule: .3011246599q Tangentrule: .3187318652q Simpson’s rule: .3141154642q Mapleapproximationof theclosedform: .3126735508



Submitted to HEJ. Manuscript no.: ANM-010201-A 20

Figure10:

In our exampletheSimpson’s rule seemsto bethebestconcerningthecriteria1 and2. Is this alwaystrueor only
a coincidenceagain?We needanestimationof theerror.

Estimationscanbeeasilygivenfor eachof our methods,if boundsfor thederivativesof thefunction
� �P	�! are

known throughouttheinterval of integration.Let úv,c��ú # �2/1/1/ beupperboundsfor theabsolutevaluesof thefirst,
second,/1/1/ derivatives,i.e. we assumethat throughoutthe interval

�� � ¶ = ¹ � 	"! �� @'ú = for all D . Thentheestimation
formulasareasfollows:q Rectanglerule: û î ¶ � > � ¹ ô# ,q Tangentrule: û ¸ ¶ � > � ¹ ô ¸# º ,q Trapezoidrule: û ¸ ô ï, # ,q Simpson’s rule: û¬ü ôcýþ ( .

Fromthelast two estimatestherealsofollow estimatesfor theentireintegral. We see,thatSimpson’s rule hasan
error of muchhigherorder in the small quantity » thanthe others,so that where ú º is not too large, it is very
advantageousfor practicalcalculations.The proofsof the estimatesarequite simpleusingthe Taylor’s theorem
andcanbefoundin every textbooksonnumericalmethods.

There are other kinds of very important quadraturemethodsbasedon orthogonalpolynomials(Gaussian
quadratures).Thereareknown (and used)methodsif the integrand

� � 	"! is not finite or oneof its derivatives
is infinite at somepoint in � ������� (singularintegrals). In many casesmiscellaneoustechniquesarealsoavailable
(seriesexpansions,Laplaceor Fouriertransforms).
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Figure11:

Exercise6.2.
(a) Take a larger value for V , the numberof subintervals, redo the numericalintegrationsabove andcheckthe
improvementsin theapproximations.
(b) The numericalcomputationscanbe improvedby allow a highervalueto the built-in Maple variableDigits.
E.g.� Digits:=20: int_num(f,S,’simpson’); Digits:=10:/ S-X1\pXUXd`_\ R \[Xd`U`UZUS8FU] R ]_\pX
Recomputethenumericalintegralvaluesof EXAMPLE 5.2using Z8F decimal“Digits”.
(c) Calculate� Int(exp(-xˆ2),’x’=0..infinity); � �( µU¶ > ·c¸$¹4�U	
to within F-/ F-X .
(d) Fromtheformula� Pi/4 = Int(1/(1+xˆ2),’x’=0..1); X\ k  � ,( X	 # m�X �7	
calculatekq usingthetrapezoidformulawith »&hF[/�X ,
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Figure12:

q usingSimpson’s rule with »&�F-/OX .
(e) Calculate� Int(1/(sqrt(1+xˆ4)),’x’=0..1); � ,( X

© XEmn	 º �7	
numericallywith anerrorlessthan F-/OX .
Exercise6.3.
Using the trapezoidrule with V subdivisions— let us denodethe integral approximationby z13 — calculatethe
following integralswith VG�Z^��\p��][�1X R �1/2/1/���`-XcZ .q � ,( µ > ·c¸ �7	 ,q � ,( 	 °�ÿ # �U	 ,q � º> º�� ·, ¿?· ¸ ,q � # í( � ·# ¿:Õ×Ö�Î×¶�·c¹ ,q � í( µ · À9Á �2� \7	�!$�7	 .

Exercise6.4.
RepeatthepreviousexerciseusingSimpson’s rule.
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7 Applications

7.1 The areaasan integral

Theideaof areawasourstarting-pointfor thedefinitionof theintegral;but theconnectionbetweendefiniteintegral
andareais still incomplete. The areaswith which we areconcernedin geometryareboundedby given closed
curves.On theotherhand,theareameasuredby theintegral z�K� �� � � 	"!^�U	 is boundedonly in partby thegiven
curve �x � �P	�! , therestof theboundaryconsistingof lineswhichdependonthechoiceof thecoordinatesystem.If
we introduceÒ formally asanew independentvariablein theaboveintegralwriting 	��	��PÒ�! , �xh�:� Ò�!t � � 	�� Ò�!�! ,
wehave � �� � �P	�!^�7	� �����

��� � �PÒ�!:� ²² Ò Ç?� Ò�!�!-�UÒ
where Ò ( and Ò , arethe valuesof the parametercorrespondingto the abscissa	 ( å� and 	 , å� respectively.
Herewe supposethatevery point of the branchof the curve �� � �P	�! correspondsto a singlevalueof Ò in the
interval Ò ( *�ÒÉ*KÒ , , andconversely;furthermore

� � 	"! is everywherepositive and ÔÔ Ó Ç:�PÒ�! never vanishesin this
interval.

We canexpressour formulafor theareain a moreelegantsymmetricalform if we first transformtheintegral
by integrationby parts: ���	�

�	
 � � Ò�!:� ²² Ò Ç?�PÒ�!�!^�7Ò; Q ���	�
�	
 Ç?� Ò�!?� ²² Ò � �PÒ�!�!^�7Ò
m�	�¾E� ���� Ó îÓ� /

Sincethecurve is closed, 	�� Ò×(_!th	�� Ò�,2!����"�PÒ×(c!t��:� Ò�,9!9�
andtherefore z� Q ���	�

�	
 � � Ò�!?� ²² Ò Ç:�PÒ�!�!^�7Ò; ���	�
��
 Ç:�PÒ�!:� ²² Ò � � Ò�!�!^�UÒ�/

If we form thearithmeticmeanof thetwo expressionswe obtainthesymmetricalform

z� XZ � ���
�	
 � �PÒ�!:� ²² Ò Ç?� Ò�!�! Q Ç?�PÒ�!:� ²² Ò � � Ò�!�!-�UÒ�/

EXAMPLE 7.1.
As anexampleof theapplicationof our formulafor theareaconsidertheellipse ·2¸� ¸ m Ä9¸� ¸ �X . Sowe candefine
thefunction� f:=x-> b/a*sqrt(aˆ2-xˆ2); �C� h	�� � © � # Q 	 #�
In orderto find its areawetake theupperandlowerhalvesof theellipseseparatelyandin thiswaywecanexpress
theareaby theintegral� 2*Int(f(x),x=-a..a)=value(2*int(f(x ),x=- a..a)) ;

Z � �> � � © � # Q 	 #� �7	��Z � �> � � © � # Q 	 #� �7	
If, however, we usetheparametricrepresentation	���É¾ À1Á �1�PÒ�!��������¾i���O�?� Ò�! , wefind that� -1/2*Int(b*sin(t)*diff(a*cos(t),t)-� a*cos(t)*diff(b*sin(t),t),t=0..2*Pi );

Q XZ � # í( Q �"���O�?� Ò�!�#
� Q � À9Á �1� Ò�!�#��"�7Ò
which hasthevalue� value(%); �"� k
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In this subsectionwe have basedthe definition of the areaon the conceptof integral andhave shown that
this analyticaldefinitionhasa truly geometricalcharacter, sinceit yieldsa quantityindependentof thecoordinate
system.It is, however, easyto give a direct geometricaldefinition of the areaboundedby a closedcurve which
doesnot intersectitself, asfollows: the areais the upperboundof the areasof all polygonslying interior to the
curve. Theproof thatthetwo definitionsareequivalentis quitesimple,but will not begivenhere.

7.2 Ar easin polar coordinates

For many purposesit is importantto be able to calculateareasusingpolar coordinates.Let �B � ���7! be the
equationof a curve in polarcoordinates.Let z be theareaof theregion which is boundedby the 	 -axis (that is,
theline �Ú�F ), theline throughtheorigin makinganangle� with the 	 -axis,andtheportionof thecurvebetween
thesetwo lines. By the fundamentaltheoremof the integral calculus,the areaof the sectorbetweenthe polar
angles� and � is givenby theexpression XZ ���

� Ê����7! # ���[/
If �¯H�� , this expressioncannotbelessthanzero.
EXAMPLE 7.2.
Considertheareaboundedby theoneloop of a lemniscate.Theequationof the lemniscateis � # �Z�� #:À9Á �[Z�� ,
andweobtainoneloopby letting � vary from Q í º to m í º . Theshapeof oneloop of thelemniscatewith ��'X is� plot([2*cos(2*theta),theta,theta=-P i/4.. Pi/4], coord s=pol ar);

Figure13:

Theareaof theloop in generalis� aˆ2*Int(cos(2*theta),theta=-Pi/4..P i/4);
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� # � , ÿ º í>?, ÿ º í À9Á �1�ÂZ��7!^���-/
We find thatthevalueof theintegral is� value(%); �4#
7.3 Length of a curve

Anotherimportantgeometricalconceptassociatedwith acurveleadsto anintegration.This is thelengthof arc.To
expressthelengthanalyticallyby anintegral, in fact,we think of thecurveasrepresentedby a function �� � � 	"!
with a continuousderivative � ® . By thepoints �y�	:,_��	 # �2/1/2/1��	�3�K� we divide up theinterval ��*h	ª*�� of the	 -axis,over which our curve lies, into V Q X subintervalsof length �Ú	:,_�2/1/2/9���+	p3^>:, . In thecurve we inscribea
polygonwhoseverticeslie vertically above thesepoints.Thelengthof thecurve is thendefinedto bethelimit of
theperimetersof theseinscribedpolygons,providedthatsuchalimit doesexist andis independentof theparticular
way in which thepolygonsarechosen.This assumptionis calledrectifiability. Sothetotal lengthof theinscribed
polygonis givenaccordingto Pythagorastheoremby theexpression34>?,M =�N�, � �+	 #= m��+� #=  34>:,M =ON�, � XEm�� �+� =

�+	 = ! # �v	p=�/
But by the meanvaluetheoremof the differentialcalculusthe differencequotient �Ú� = l �+	 = is equalto

� ® �� = ! ,
where  2= is anintermediatevaluein theinterval �+	p= . If we now let V increasebeyondall boundsandat thesame
time let thelengthof thelongestsubinterval �Ú	�= tendto zero,thenby thedefinitionof integralourexpressionwill
tendto thelimit � �� � XEm�� ²² 	 � � 	�!�! # �U	�/
We establishedthefollowing theorem:

Theorem3. Every curve �� � � 	"! for which the derivative
� ® � 	�! is continuousis a rectifiablecurve, and its

lengthbetween	��� and 	��� ( ��ëw� ) is givenby theformula � �� � Xtm�� ÔÔ · � �P	�!�! # �7	 .

Our expressionfor thelengthof arcis still subjectto thespecialandartificalassumptionthatthecurveconsistsof
onesingle-valuedbranchabove the 	 -axis. Parametricrepresentationfreesus from this restriction. If a curve of
thekind which we have beenconsideringis givenin parametricform by theequations	ª0	��PÒ�!��t�C'�:� Ò�! , then
by introducingtheparameterÒ in theaboveexpressionweobtaintheparametricform of thelengthof arc� �

�
� � ²² Ò Ç?� Ò�!�! # m�� ²² Ò � � Ò�!�! # �7Ò��

where� and � arethevaluesof Ò which correspondrespectively to thepointsof thecurve 	�h� and 	��� .
Excercise7.1.Give thelengthof thearcwhenthecurve is expressedin polarcoordinates.
EXAMPLE 7.3.
Considertheparabola� f:=x->1/2*xˆ2; �G� �	�� XZ 	 #
For its lengthof arcwe immediatelyobtaintheintegral� Int(sqrt(1+xˆ2),x=a..b); � �� f XEmn	 # �7	
which hasthevalue
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� value(%); XZ � f XEmB� # m XZ |O�
����m f XEmB� # ! Q XZ � f XEmv� # Q XZ |��
���Ém f XEmn� # !
EXAMPLE 7.4.
As anexamplefor a motionalonga pathor trajectoryconsiderthecycloidswhich arisewhena circle rolls along
a straightline or anothercircle. Herewe limit ourselvesto the simplestcase,in which a circle of radius ! rolls
alongthe 	 -axis,andwe considera point on its circumference.This point thendescribesa cycloid. If we choose
theorigin of thecoordinatesystemandtheinitial time in sucha way that for time Ò{WF thecorrespondingpoint
of thecurvecoincideswith theorigin, weobtaintheparametricrepresentation	�"!��PÒ Q �����?�PÒ�!�!9���x�!��$X Q À9Á �1�PÒ�!�!
for thecycloid. Here Ò denotestheanglethroughwhich thecircle hasturnedfrom its original position.Fromthe
aboveequationswe obtainat oncethat²² Ò Ç?�PÒ�!t"!��$X Q À9Á �1�PÒ�!�!�� ²² Ò � �PÒ�!t"!ª���O�
�PÒ�!�/
Hencethelengthof thearcis� Int(sqrt(diff(x(t),t)ˆ2+diff(y(t),t )ˆ2), t=0..a lpha) =� Int(sqrt(2*Rˆ2*(1-cos(t))),t=0..alp ha);� �( � � ²² Ò Ç?� Ò�!�! # m�� ²² Ò � �PÒ�!�! # �7Ò� � �( © Z f ! # ��X Q À1Á �2� Ò�!�![�UÒ
Since X Q À9Á �1� Ò�!t�Z������?�PÒ l Z7! # theintegrandis equalto Z�!������
�PÒ l Z7! , hencefor F�*���*<Z k theequationbecomes� Int(2*R*sin(t/2),t=0..alpha); � �( Z#!ª���O�
� XZ Ò�!^�UÒ
Thevalueof this integral is� value(%); Q \ À1Á �1� XZ ��!$!<mn\%!
If weconsiderthelengthof arcbetweentwo successivecuspswe mustput � � �Z k . Thenwe have� eval(subs(alpha=2*Pi,%)); ]%!
Thus,we obtainthat thelenghtof arcof thecycloid betweensuccessive cuspsis equalto four timesthediameter
of therolling circle.

Similarly, wecalculatetheareaboundedby onearchof thecycloid andthe 	 -axis. If !''X thenthis areahas
theform� plot([t-sin(t),1-cos(t),t=0..2*Pi]) ;
Theareais� Int(y(t)*diff(x(t),t),t=0..2*Pi)=� Rˆ2*Int((1-cos(t))ˆ2,t=0..2*Pi);� # í( � �PÒ�!:� ²² Ò Ç?� Ò�!�!^�UÒ;"!�# � # í( �$X Q À1Á �1�PÒ�!�!�#
�7Ò� value(rhs(%)); S&! # k
Thisareais thereforethreetimestheareaof therolling circle.
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Exercise7.2.Calculatetheareaboundedby thesemicubicalparabola ��h	 ï¸ , the 	 -axisandthelines 	�h� and�x�� . Calculatethelengthof arcof it.
Exercise7.3. Find thevolumeandsurfaceareaof the torus (or anchorring) obtainedby rotatinga circle abouta
line which doesnot intersectit.
Exercise7.4. Find the areaof a catenoid, the surfaceobtainedby rotatingan arc of the catenary�v À1Á �('?� 	"!
aboutthe 	 -axis.

Thepossibilitiesof applicationsof differentialandintegralcalculusareunbounded.In sciencesandengineering
mathematicalmodelsaredevelopedto aid in theunderstandingof physicalphenomena.Thesemodelsoftenyield
anequationthatcontainssomederivativesof anunknownfunction.Suchanequationis calleddifferentialequation.
In orderto solve theseequationsonerequiresthetheoryof integration.In this paperwe did thefirst stepstowards
betterunderstandingthemathematicalandrealworld in which we live.
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