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Abstract

As an introduction we illustrate the D-V cells and fundamental domains of the
plane group3 of E2 [IT].

Then we describe some algorithms for determining fundamental domains of 4-
dimensional space groups, in general. Our example space groups belong to the most
interesting decagonal and icosahedral familieE‘cfThese are
XIX.27/01/01, XXI1.31/04/02, XXI11.31/07/02
by [BBNWZ].

As new results we get interesting space tiling 4-polytopes which can also be visu-
alized by computer.

1 Space groups inE?

An isometric transformation ( briefly transform)as element of d-dimensional space groupcan be described

in any coordinate system with(d + 1) x (d + 1) matrixa := ‘8 211 . We write «(a; A) as well. Thedxd
matrix A is called thelinear partof «, the column vectoa is its translational part.For a space group, all these
are specially expressed in a lattice coordinate sysgtene,, ..., e;) with the symmetricGramian

<e1; e1> <91;92> cee <e1;€n>

(1.1) (gij):(<ei§ej>): (ex;eq) ... <e2;.en>

(en;en)

Thena associates each poit with its image aX =: Y by (d + 1)-row-column multiplication as usual:

y\ (A a x\ _ ([ Ax+a \ X y
@2 ()= (0 1) (1) =0 ) () ()
are introduced. The lattick is the integral linear combinationsf the basis vectorges, .. ., e4)
(1.3) L={l=el'+...+eq’: (I',...,1% €2},
whereZ denotes the set of integers. The linear transférof integer entries maps the latti€einto itself, leaving
the scalar product, or the symmetric Gramigg,) of L invariant (i.e.A is orthogonal ).
2 D-V cell and fundamental domain

Thefundamental domaitF of space grouf® can be defined as follows:
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.1 1
: T, P T, P
Figure 2.1 Figure 2.2
(2.1) U7 =E? and IntF N IntyF =0 forany veT\{1}

yel’

(“Int” abreviates interior; F is thevy-image ofF, 1 denotes the identity map).
TheD-V cell of the kernel poinf to itsT"-orbit is

(2.2 Dr(P)={X c¢E? : p(P,X) < p(yP,X) foreach v¢cT}

(Fig. 2.1 Fig. 2.2). We know thdD is intersection of finitely many closed half-spaces. Each of them is bounded
by a(d—1)-plane (hyperplane).

If Stabr(P) = 1, i.e. the stabilizer subgroupn T, fixing the pointP, is trivial, thenD(P) = F is a
fundamental domain fdr. Then any (bisector) hyperface (facgt)to P andvP has a pairf.,-. to P andy~!P,
so that a generator pair bfcan be obtained as follows

(2.3) Vb b e fe,

We allow involutive generataf = 61 (62 = 1, 6 # 1) as well, when the facef; = f;-1 of F is paired with
itself. Only F, representing, with its facet pairings, denoted Hy(identifications), and the induc&dequivalence
of (d—2)-faces of F characterizes the space grdups we illustrate this by Fig. 2.2.

Figure 2.3 Figure 2.4

Any relation ofT", in general, can be described by walking frdhthrough its image domains by crossing side
facets and returning t&. Fig. 2.3 shows the main observation to this. If we are in the image domfaiand cross
its side facetvf,, which is thea-image of the facef., of 7 corresponding to the generatgrthen we arrive at
the image domainy.F.

The abovex is a product ofF-generators fronT (and their inverses), of course. We get so long relation as
many facets we have crossed when we walk round ffomto itself.

The special Poincéralgorithm by passing round ttié—2)-faces ofF, to get defining relations for the group
T, is a very effective method in the geometric (combinatorial) group théary [TM92b].
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Figure 2.5 Figure 2.6

We illustrate this situation in Fig. 2.4, where tB&-group I' = p3 (no.13 in citeit) . The fundamental domain
F = D(P) is arhombus by two pairs of sidg";l_l, fr andfw_l, fro- We can write

1/3 0 -1 0 0 -1 1
Pl 1/6 |, rpi:| 1 -1 0 ro: | 1 -1 0
(2.4) 1 0 0 1 0 0 1

frl—l = Jry T2—1 = Jry

with respect to the coordinate systef®; e;; e;) with Gramian

1 -1
25) @) =tee = Yy )
2
The vertex class of V, provides six images of roundV and a relatiorl = ryroriror;ro, according to the fact
thatV is also a 3-fold rotation centre {a3.
The presentation df by 7: p3 = (ry,ro —r}, 13, (rir2)?).
If Stabr(P) is of orderp, then the D-V cell

(2.6) Dr(P)= |J F

~YyEStab(P)

is a union ofp images of a fundamental domam Namely we take a poir not fixed at any element &ftab(P).
Then the D-V cell of underStab(P)

@) Dsanr)(Q) = {Y 5 p(Q.Y) < p(0(Q), Y), Vo € Stab(P)}
' provides Fr := Dr(P) N Dgtapp)(Q)

as a fundamental domain for. Dg,q,p)(Q) is a pyramidal domain with apek which will be intersected by
Dr(P). Our example is the plane group = p3, again in Fig. 2.5. Here the D-V cell @ is a regular hexagon

q
D(0).Stab(O) is the group of 3-fold rotations. Choosing a po'@( q > g > 0, the pyramidal domain
1
Dgqian(py(Q) is an angular sector which interse@$0) in a pentagonal fundamental doma#hin Fig. 2.5. The
arrows—», —, —> show the pairings ofF respectively, where a geometric sideBffalls into two (algebraic)
parts.
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3 Fundamental domain for space group
XIX.27/01/01

The Gramian matrix in the decagonal family is:

z b —3 (ab+ 20) —% Ea + 22;
o a —5(a+2
(3.-1) Ga = L (a+20) b a b
—3(@+2b) —3(a+2b) b a
To simplify our discussion) = —ja will be assumed, since we want to find a fundamental domain as simple as

possible. The point groupys of space group7/01/01 = T's has one generatofis, mappinge; — e4 — ez —
(—e1 —ea — ez — eq4) — ez — e; cyclically, thusys is a transform of order five, indeed.

3.1 Algorithm for the fundamental domain (F;) of space groupl's:

First: We choose the kernel poify (1;1;1;1), and determine thg-plane bisectors of?, andv P, v € T'os (P4
lies in negative halfspaces of the forngplanes.
The transforms and the equations of 3-planes will be

0 -1 1 0 0 0 00 -1 0
0 -1 01 0 10 0 -1 0
Y5 - 0 -1 0 0 0 |,-2=0; ~2: 01 0 -1 0 |,—2x=0;
1 -1 0 0 0 001 -1 0
0O 0 0 0 1 000 0 1
-1 1 0 0 0 0 0 1 10
-1 0 1 0 0 0 0 -1 0O
vw:l -1 001 0 |,~w=0; v:[ 1 0 -1 0 0 |,-y=0
-1 0 0 0 O 01 -1 0 0
0 0 0 0 1 00 0 01

Thus we get a pyramidal domaify; with apexO that will containFs.

Second: We determine the equations difisector 3-planes of the origi® and itsT'5-images, now the lattice
points with0, 1, —1 coordinates In case ofl'; it will be enough to take points with, 1 coordinates. The origin
O always lies in negative halfspaces of the above 3-planes. Thus we can intersect the pyramid by new 3-planes
The lattice points and the equations of 3-planes:

(1;1;1; 15 1)T 11515 =2) - (2 y; 25 w; 1)T = z+y+2z+w—2 = 0with the columns written in transposed
form denoted byl" up; and we similarly get

(1;0;0:0: )" 4z —y—z2—w—2=0,
0;1;0;0: )",z 44y — 2z —w—2=0,
(0;0;1;0;1)" ,—z—y+42—w—2=0,
(0;0;0; ;1) —x—y — 244w —2=0,
(1;1;0;0;1)" ,3x + 3y — 2z —2w—3=0,
(1;0;1;0;1)" ,32 — 2y + 32z — 2w — 3 =0,
(1;0;0;1;1)" ,3z — 2y — 22+ 3w —3=0,
( )
( )
( )
( )
( )
( )
( )

~

)
3

54 893N

(3.2)

=

0;1;1;0;1 —2x4+3y+3z2—-2w—-3=0,
0;1;0;1;1 —2r+3y—2z4+3w—-3=0,
0;0;1;1;1 —2x—-2y+3z24+3w—-3=0,
1;1;1;0;1)" , 224+ 2y + 22— 3w —-3=0,
1;1;0; ;1) 2242y — 324+ 2w — 3 =0,
1;0;1;1;1)" ,22 — 3y + 224+ 2w — 3 =0,
0;1;1;1;1)" , =3z +2y+224+2w—-3=0.

T
T

)
)
Y

T

~

T

!

Third: We start with five suitable equations of 3-planes and determin® tegticesof a starting simplex 5-cell
). We take a new 3-plane, substitute the coordinates of all vertices of the cdrgigmensional polyhedroimto its
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equation. If at least one vertex exists in the pozitive halfspace of the 3-plane, then we cut the polyhedron, otherwise
leave it.
Finally, the fundamental domaifi; has19geometric 3-faces an@b proper vertices

DECA-
GONAL
FAMILY

Prinitive
lattice

27-,01-01
group

Figure 3.1

3.2 Pairings on fundamental domainF;

- In the case of 3-faces obtained with the elements of point giggpthe pairing transforms are indicatedTiable
1 with usual point coordinates.

Table 3.1
3-planes and points paired with the elements of point gigip
Source 3-plane Pairing Image 3-plane
and its points transform and its points
T R
10°Y 22710/ °\10°Y" 10’ 2 21010/ \10° 20 Y 10
(25 ) (o0 30°2) S )
7a171?7 a71?7 0 1 1 0 0 7%077ga§%07 01
3 ;1—%;53,5%;0;5;%) 0 -1 0 1 0 ogs ;% , 5;21—7(1); 3
(3:0:2:0), (50505 2) (2:0:0:5),(0: 20 2)
308 300 3 0 -1.000 300 8 1. 3., 3
(3707_70)7(ga0707F) 1 (_107073)7(07_7073)
0.0.5:2 0025) -10 00 (3200) 2%00)
(775/57 77?75 0 0 00 1 53 571 a?7577
(3:0:0;0), (0;0; 3;0) (050505 3) . (530:0;0)
(0;050; 3) , (0:0050) (0; 350:0), (0;050;0)
i) ety s e
A B 1 000 ~-10 e T AN W Ol ¢
(m7@a§70 ) %_07§7an) 1 00 -1 0 07Ea@7§)7 07?a§aﬁ
(2:2;0;0), (2;0;2;0) (0,2;2;0), (052505 2)
2.3.0.0 5.0.3.0 010 -10 0.2.3.0 0.5.0.3
(57{?7 i )7(5’ 737 ) 0 O 1 _1 O ( 757§7 )7( 757 7%)
(O._.Z.O) 0 2._.0) (0.0._.2) 0.0.2._)
1 57 59 ’ 7?757 0O 0 0 0 1 1Yy 5y 5 )0 77?55
(3:0:0;0), (0; 5;0;0) (05 350:0), (0505 5;0)
(0;0; 2;0), (0;0;0;0) (0;0;0;4),(0;0;0;0)

- Pairing of lattice point bisector 3-planes: Lgtbe anybisector 3-faceof the origin and a lattice poinf,, here

s1 C Fs , and @, is the central inversion image @};. We find a transformy; € g5, so thatQ, = v, @Q;, and
let so C F5 be thebisector 3-faceof the origin and the lattice poinf,. The pairing transforms between the two
3-faces will be the productg,, = 71 - < é _fl > andys; = 7, - < é _fQ > = ~;5, respectively, where

1 is the 4x4 identity matrix and; = 0@, t2 = 0@, v2 € T'gs. After computing the images of vertices with
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Table 3.2
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Algebraic pairing of lattice points bisector 3-planes and their points

Source 3-plane
and its points
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Remark 1.:This procedure is an algebraic pairing 8, because one geometric 3-face often needs separate parts

of more 3-subfaces, and all have different pairs.

Remark 2.:The general scheme for pairing 3-facefsandss is as follows:

pairing transforms, we keep those point pairs, that lig4n

HEJ: ANM-020110-A

Fs5 D 81t0Q1:q10 = Q
Fs D so to QQ

Henceys;

Y12
Y21

®
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Table 3.2(cont.1)

Source 3-plane Pairing Image 3-plane
and its points transform and its points
3x+3y—22—-2w—-3=0 20 +2y+22—-3w—-3=0
0 -1 1 0 1
(%i.é?g?%%(%;a%l;%z;%) 0 -1 0 11 (%4;.%37.%;?)7 é?}llqﬁl.%l;o)
S R S IR RO O (Rt g
1 ’271(()’§.27.0.1(())7)2’ 1 1 -1 0 0 0 5’2’%3?§j§?i5}’2’5
5050 0 0 0 0 1 5757505
3r+3y—2z—-2w—-3=0 —3r+2y+224+2w-3=0
-1 1
G Ead | o 0 e ) OdR 0y
Gogel el o011 || WWEE T
(551—%1—0520)37(55@ 30) || 1 0 0 0 1 (3?5?§§§gvg5§3§555§)
(3:2:0:0) 0 00 0 1 (5:3:%:3)
—2x+3y+32—-2w—-3=0 20 4+2y+22z2—-3w—-3=0
11 1
(%;21.%2.1_78?%)7 %%31%;31._702;%) 8 8 -1 01 (%;31.%2;.é.;(1);7 ilq;zl.%?;.%fo)
RV NS (A s g d
1 ’10’%6.§.72.’0507271 0 1 -1 0 0 2’2’?’3.53.7§?5i§’2’5
1535 00 0 0 1 5757505
—2r+3y+3z—-2w—-3=0 —3r+2y+2z2+2w—-3=0
2. 7.7.1\ (1.7.7.2 0 -1 100 J1.3.71 .7.3.1
Cimpp g (Fmans) |0 -1 o 11 | G (im0
(15.’15.3’.5())7(8.’3’1’.51) 0 -1 001 (ifififi)’(ifififi)
1 ’271(()(7)'2'7@70?71 ' 10 1 -1 0 0 1 5727@;@7@55’2’2
15 5 0 0 0 0 1 5157575
—2x—-2y+3z+3w-—-3 = 20 +2y+22—-3w—-3=0
(21, 7.0y (12,0, 1) 000 -11 (3:1:1.0), (31, 7.0)
im0 o < | Q) e
R U IR O I U (b i
10° ’10(’0'20"3',230710,2 00 1 -1 0 275’%’3%.7;2’1;’5’5
V51 s 000 0 1 5'57505
—2r—-2y+3z+3w—-3=0 —3r+2y+2z+2w—-3=0
2.1.7.7\ (1.2.7.7 00 -1 10 .3.7.1\ (0. 3.1.7
G () oo 1o 1 | (anipg) 0wz
(15.’0515.72)7(8.’3’.51’.5_) 10 -1 01 (ifififi)’(ifififi)
10 ’27((1).0'72'755072710 01 -1 0 1 57275(7;'2&757&?’2’5
1505 00 0 0 1 515755
3z —2y+3z2—2w—-3=0 20+2y—3z24+2w—-3=0
(.2, 1.0y (2.1 72y (O 0 =LA s oy s g1
s e | oo -1 || G0 e
(153’.5!.%)7(3.56.51’.5_) 10 -100 (ifififi)7(ifififi)
10710’%’5.0.’2.1(())’) 7271 0 1 -1 0 1 272,?’&?&.’1?55’5’2
50555 00 0 0 1 5'5755
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Table 3.2(cont.2)

Source 3-plane Pairing Image 3-plane
and its points transform and its points
3r —2y+3z2—2w—-3=0 20 —3y+224+2w—-3=0
7.2.7.1) (L.1.7.2 -11.00 1 7.0:1.3) (L. L.3
(1_§’52’127 i) ? (§0715’é12’ ) -1 0 1 0 0 (lOé’ OiQélg) ’ (3727 1éo’210)
(1.5’;5.3’-%;75338-’5-5_) -1 00 11 §ifififi;’gifififi
271 ’10’2.0.7§.2(’))’1 ' 1 —1 O O 0 1 575’2’§.2l.7§.2’§5’5’2
(57 757 0 0 0 0 1 (5’5’5’5)
3r —2y—2z+3w—-3=0 2042y —3z+2w—-3=0
-1 10 0 1
(3 535319) - (30550) || Z1 0 1 0 1 || (5520 1g) (57030 15)
Sl lregsl il o0 o | EEEETEY
(5,1—707@)7(55()7@1—) 100 0 1 (37575;3527$§;35’5’§)
(5:0:0:3) 0 00 0 1 (3%:58)
3r—2y—2243w—-3=0 20 —3y+224+2w—-3=0
7.2.1.7) (7.1.2.7 000 -1 1 3.0.7.1\ (3.0.1.7
<?4.5g’.i.18)’ i) || 10 0 o1 o || G bt
drrrtvaans ot o |l EET e
107 102 > 2/ 72\1Q? > 10’ 2 — 2757522/ 72\2157275
(£:0:0:3) 8 8 (1) 01 } (3:5:5:2)
—2x+3y—2z4+3w—-3=0 20 +2y—324+2w—-3=0
2.7.1. 7Y (1.7.2.7 000 -1 1 3.7.9.1) (3.1.0..7
Gamisingllpwsi) |10 0 11 || gl b sie)
(15.3’.%73)7(832551) 0 1.0 -10 (ifififi)’(ifififi)
107 10 70'2§.70.7210’1072 0 0 1 —1 1 2’5’5’§2§.7l'2’§2’5’5
(0:2;0:3) 000 0 1 (3:%:5:8)
—2z+3y—2z4+3w—-3=0 20 -3y +2z4+2w—-3=0
2.7.1.7) (L.7.2.7 0 -1 101 1.0:3.7) (L. 3.1
(5’21.05'51"1237 i’é()’ZS’élO) 0O -1 0 1 0 (2&9’11.02’.12;’ 40"19721'(:372)
(é‘r’.’ffo".”f)’ 8.’15.’3’.52) 0 -1 0 01 ifififi)’ 110173
107 27 ’01.02.’0-’32’10’10 1 —1 O O 1 275’2’35');.7&5’&5’2’2
(0;5:055) 0 0 0 0 1 (315:5:5)

Now, the relations among these pairing transforms are easy by their algebraic forms. The 2-face classes would
provide those much more lengthy, but analogously as to Fig.2.5.

4 Fundamental domain for space group
XX11.31/04/02

The icosahedral crystal family has two Bravais lattices with Gramians
9i7 = gji = ((ei, €5))

e _a _a a a ga

PRI B . 22 2

(4.1) 1 @ T7 71 2 & 3 3
: —_a _a o _Qa ’ a a o a ’

a _a _a S 8 & a 2

1 T1 "1 @ 2 2 2 @

inverse to each other up to a positive constant faatoior the primitive and itsSN centred ( seiterdichen-

nebendiagonal-zentriert ) lattices, respectiveiy IBBNWZXXI1.31/04/02 = T'4 is a space group for th8 N
centred lattice. The point grodpy, of space group’y has 120 linear transforms, and can be generated by
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0o 0 1 0 0 1 0 0
o 1 0 o 1 -1 -1 -1
M= 1 1 1™ 0 0 o0 |
1 0 0 0 0 0 1 0
(4.2) 0o 0 0 1
0 0 1 0
Qg —

of order 4, 5, 6, respectively.

4.1 Algorithm for the fundamental domain F, of space groupl’,

First: We choose a further kernel poifff (3; 2; 1; 0) to obtain the 3-plane bisectors of these transforms (the kernel
always lies in negative halfspaces of the forrBegglanes.
Second: We determine the equations dfisector 3-planes of a kernel, say the origihin the role of P, and
its I'y-images, now the lattice points with1, —1 coordinates are sufficient for usThen we obtain the 3-faces
(facets) ofD(O) .
Thus we get a pyramidal domaify, ( with apexO ) that will containF,.
Third: We apply the algorithm in the third point of the previous chapter, and we obtain the equations of 3-planes
and the vertices of the fundamental domain.

Finally, the fundamental domaift,; will be a famous Coxeter simpldar I'y = 31/04/02. Among the5
bisector 3-faces, one bisector is to the origin and the lattice gairtt 0;0), further four 3-faces appertain to
Fos. We have chosen this example for simplicity. We can seé&in [AMO02] that a fundamental domain can have a
cumbersome structure to be described by computer, in general.

ICOsA-
HEDRAL
FAMILY

EM-—centred
lattice

31,0402
aroup

Figure 4.1

4.2 Pairings on fundamental domainf;

For pairing the bisector 3-planes &f,, and in general, we consider those images of the kernel which are under
transforms of inverse typdga, A), (—A~1a, A1) in the space group scheme (1.2). This will be applied first for
Fstan(p),» then the further bisectors &f;.

Remark 1.: In case of our fundamental domaffy each bisector 3-planes is paired with itself by 3-plane reflec-
tion.

Remark 2.: In our case we used two kernel points, but just &fnearO, not lying in the reflection planes) with

non integer coordinates would be an appropriate kerneFfor
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Table 4.1

Pairing on fundamental domaif

Source 3-plane
and its points

Pairing transform by

5x5 homegenous matrixes

Image 3-plane
and its points

2r4+y+z2+w—-1=0 1 2e+y+z+w—1=0
1.1.1.1 _1 _1 _1 _1 1 1.1.1.1
(25725725753) o 1 0 0 0 <257257257§3)
(<§. 5 T—_Q o 0 1 0 0 (_5. 5 .T—_Q)
555 |l o0 01 o] Ry
(Gi5i%5:%) 0O 0 o0 o0 1 (5:5%5:%)
y—x=0 2 y—xz=0
1.1.1.1 01000 1.1.1.1
) 10000 )
PP 0 Sy 00100 R B
(333 3F) 00010 (333 3F)
(0;0;0;0) 0000 1 (0;0;0;0)
z—y=20 "3 z—y=20
1.1.1.1 L0000 1.1.1.1
(_5.725 725.722 0 0 1 0 O (_5 ?25 ?25 7;2)
(é.‘f’ﬁfi.s—g) 01000 (éfr’ﬁfﬁ.‘r’;l)
55055 00 01 0 5550 5
0;0;0;0) 0000 1 0;0;0;0)
w—2z=0 i w—z=0
1.1.1.1 100 00 1.1.1.1
AnEge 01000 AnEge
(f.’ﬁ.ﬁ.é) 000 10 (f.’if.i_f.i)
5" 5755 00100 5" 5755
(0;0;0;0) 000 0 1 (0;0;0;0)
—r—y—z—2w=0 s —r—y—z—2w=0
2 2.2.—_32 L0 0 0 0 2 2.2.—_2
EE e o 1 0 0 0 R
FEEE) o o0 o BEEE)
5" 5755 1 -1 -1 -1 0 5" 5755
(0;0;0;0) O 0 o0 0 1 (00;0;0)

Now, we perform an incidence (flag) structure of a D-V @lor F for the space group. A flagof a convex
polyhedron inE¢ consists of dd— 1)-dimensional facefi'; then an incidentd—2)-face f{~2, as intersection
of two (d—1)-facets

(4.3)

d—2 __ pd—1 d—1
1 - J1 me ’

ey

then an inciden{d— k)-face as intersection

(4.4)

Thus the flag
(4.5)

1

Iy

d—k _ pd—Ek+1 d—1
— J1 mfk; )

1<k <d.

d—
= (O, L A

as ad-tuple of consecutively incident faces.

v J1

(d—l))
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Any relation ofT"y, in general, can be described by walking frdfp through its image domains by crossing
side facets and returning 18;.

Table 4.2
Relations to 2-face classes in fundamental donfajn
2-face Relator Diagram
class transform, exponent of 2-domain
Hi - p2 =
11 -1 11 Bl
1 0 0 0 0 @)
(1,2) 0 0 1 0 0
[1,2,3] 0o 0 0 1 o0 a
0O 0 0 0 1
[1,2,3] [4]
Vig = 3
M1~ 3 = [5]
-1 -1 -1 -1 1
0O 0 1 0 o0 3
(1,3) o 1 0 0 O
1,2,4] 0 0 0 1 0
0 0 0 0 1 (1)
Vg =2 [1,24] 131
H1 - B =
~1 -1 -1 -1 1 51
0 1 0 0 0 @)
(1,4) o 0 o0 1 o0
[1,3,4] 0o 0 1 0 0
0O 0 0 o0 1 (1)
[1,3,4] 12]
vig =2
M1 ps = [5]
0 0 0 1 1
0 1 0 0 O 5)
(1,5) 0 0 1 0 O
2,3,4] -1 -1 -1 -1 0 )
0O 0 0 0 1
12,3.4] (11
V15 = 3
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Table 4.2(cont.1)
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Table 4.2(cont.2)

2-face Relator Diagram
class transform,exponent of 2-domain
M3 s = 3]
1 0 0 0 O
0O 0 1 0 o0 )
(3,5) o 1 0 0 O
2,4, 5] -1 -1 -1 -1 0
0O 0 0 0 1 3)
Vss = 2 [2,4,5] (1]
P - s = 2]
10 0 0 0
0 1 0 0 O ©)
(4,5) -1 -1 -1 -1 0
[3,4, 5] 0 0 1 0 O
o 0 0 0 1 @
Vis = 3 [3,4,5] 1]

5 Fundamental domain for space group
XX11.31/07/02

XXI1.31/07/02is the richest space group for tiéV centred lattice. The point grodfy; of space groupl/07/02 =
I'7 has 240 transforms, and can be generated by

0 0O -1 0 1 1 1 1
o 0o o -1 | o 0o -1 o0
M 0 -1 0 o [>T 0o 0o o -1 |
-1 0 0 0 -1 0 0 0
(5.1) 0 0 -1 0
-1 0 0 O
=1 0 -1 0 0
1 1 1 1
ICDsEA—-
HEDRAL
FAMILY
EH-centred
lattice
31,0702
Sroup
Figure 5.1

The fundamental domaift; of space groug'; has7 vertices and bisector 3-faces: one bisector is to the
origin and the lattice poin(l; 0; 0; 0), further5 3-faces appertain to the pyramidal;.
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Table 5.2
Relations to 2-face classes in fundamental donfgin
2-face Relator Diagram
class transform, exponent of 2-domain
T -T2 = [7]
-1 -1 -1 -1 1
1 0 0 0 0 (2)
(1,2) 0 0 1 0 0
[1,2,3,4] 0 0 0 1 0
0 0 0 0 1 (1)
vy = 3 [1,2,3,4] [5, 6]
B 7]
-1 -1 -1 -1 1
0O 0 1 0 0 (3)
(1,3) 0 1 0 0 0
[1,2,5,6] 0O 0 0 1 0
0 0 0 0 1 (1)
Vi3 = 2 [1’ 2,5, 6] [3’ 4]
T1 T4 = [7]
-1 -1 -1 -1 1
0 1L 0 0 0 (4)
(1,4) 0 0 0 1 0
[1,3,5] 0 0 1 0 0
0 0 0 0 1 (1)
Uiy =2 [1,3: 5] [2,4,6]
T Ts = [7]
0 0 0 1 1
0 1 0 0 O (5)
(1,5) 0O 0 1 0 0
2,4, 6] -1 -1 -1 -1 0
0 0 0 0 1 (1)
[2.4,6] [1,3,5]

V15:3
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Table 5.2(cont.1)

2-face Relator Diagram
class transform, exponent of 2-domain
p-TI = [7]
-1 0 0 0 1 |
0 0 0 -10 I (6)
(1,6) 0 0O -1 0 O I
3,4,5,6] 0 -1 0 0 0 o
0 0 0 0 1 (), (@
o =2 (1,27 [3,4,5,6] [1,2]
T2+ T3 = [5,6]
001 0O
10000 (3)
(2,3) 01000
[1,2,7] 00010
00001 (2)
Vog = 3 []’ 2, 7] [3’ 4]
o [5]
01 0 0 O
10000 (4)
(2,4) 00010
[1,3,7] 00100
0000 1 (2)
Vot = 2 [1,3,7] [2,4]
T2 - T5 — [6]
0 1 0 0 0
1 0 0 0 0 (5)
(2,5) 0 0 1 0 0
[2,4,7] -1 -1 -1 -1 0
0 0 0 0 1 (2)
Vos = 2 [2’4’7] [1’3]
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Table 5.2(cont.2)

2-face Relator Diagram
class transform,exponent of 2-domain
= 5
. 51 [s)
T5p = o |
(2,6) 11 1 1 0 (67 | (6)
3,4,7] 00 0 —-10 |
Lp 0 0 -1 0 0 "
(5%,6%) 10 0 0 0 (57, (2
4*,6%,7* 0 0 0 0 1
| | (2] [3.4,7] [1.2]
pTs-p-To=1 1vy=1=u5 [6;4:7*]
T3 T4 = [3]
1 0 0 0O
00010 (4)
(3,4) 01000
[1,5,7] 00100
0000 1 (3)
D [1,5,7] [2,6]
T3 T5 = [4]
1 0 0 0 0
o 0 1 0 0 (5)
(3,5) 0 1 0 0 O
2,6,7] -1 -1 -1 -1 0
0 0 0 0 1 (3)
V35 =2 [26,7]  [1,5]
pory = (4] [4]
Ty p= |
(3,6) 1 1 1 1 0 (6') 1 (o)
5,6, 7] 00 0 -1 0 I
Ip 0 -1 0 0 0 I
(4*,6%) 0 0 -1 0 0 ), (3)
[3*,5%, 7*] 0 0 0 0 1 .
1] [567] [12]
pTap-T3=1 wv3=1=14 [8:%,7
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