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Abstract
Solving practical network problems by computers, one of the main tools is to find the tree of
shortest paths starting from a single point as starting point. In different applications one frequently
has such problems, e.g. in traffic organization, where the corresponding network is sparse, i.e., for
each vertex, the number of edges directed from it, is bounded, and one has to determine the trees
of shortest paths starting from all or almost all vertices. In the present work, a tree building by
label-setting algorithm is presented for solving such problems, and the efficiency of the algorithm is
investigated. The latter one is supported by computer demonstrations. The algorithm considered is
such a version of the well-known label-setting method, which is based on the length preordering of
edges directed from a given vertex.

1

Introduction

By a network we mean a simple, directed, connected graph, where each edge has a nonnegative value,
which is called the length of the edge. The vertices of the network are denoted by positive integers. Let
the vertex with the greatest index be N , furthermore, (i, j) denote the edge from vertex i to vertex j,
and h(i, j) the length of this edge. By a path from vertex i to vertex j we mean a sequence P (i, j) =
(i1 , j1 ), . . . , (ik , jk ) of edges, with i1 = i, jk = j and jl = il+1 , 1 ≤ l < k. Vertices i, j are called the
starting point and endpoint of the path, respectively. By the length of a path we mean the sum of the
lengths of the edges contained in this path. If a path has the same starting and end point, then we call
it a cycle. A network is called symmetric if the existence of edge (i, j) implies that of edge (j, i) and
h(i, j) = h(j, i). Our example (Figures 1., 2., 3.) is symmetric, therefore, we do not write directions for
the edges on the figures, in fact, each edge on the figures represents two edges. In the present work, the
symmetry has no importance.
A subnetwork is called a directed tree if it does not contain cycle, and there is a vertex in it, called
root or starting point with the following property: for each vertex in the subnetwork distinct from the
root, there is exactly one path from the root to it. By minimal tree we mean such a directed tree in which
each path has the minimal length among the paths leading from its starting point to its endpoint in the
original network (cf. Figure 1., vertex 1).
We can easily describe a directed tree with labels where for each vertex (except the root), the label
denotes the preceding vertex on the path leading from the root to the vertex considered. In a directed
tree, each vertex has a distance which is the length of the path from the root to it (see Figure 2., 3.). For
vertex i, let c(i) and t(i) denote its label and its distance, respectively. The distance of the root according
to the definition is 0, and if it is necessary, from technical point of view, we shall also give a label to the
root. This label can be any distinguished label (e. g. the root itself or 0).
Algorithms for determining the minimal trees by some tree building technique are important from
both theoretical and practical point of view. One reason is that there are not known more efficient
algorithms to search the shortest path locally for two vertices. Furthermore, these algorithms have
computer implementations which preserve the theoretical efficiency. The latter property is not valid
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for other algorithms known for finding the shortest paths between each pair of vertices (e.g. Warshall
algorithm), thus, in practical problems with enormous networks it can be very difficult to use these
procedures. A summary of this topic and further references can be found in the works [2] and [3].

2

Basic algorithm

One of the basic tree building algorithms is the general label-setting method or Dijkstra-type algorithm
which has several versions. Here, one version of this algorithm is described. For this purpose, let us
define two subsets K and A of vertices as follows.
• Let K be the set of finished vertices (ready set). A vertex is finished if it has the final (the shortest)
distance and final label.
• Let A be the set of active vertices (active set). A vertex is active if it has a temporally label and a
finite distance but, the investigation of the vertex have not yet been finished.
Algorithm
• Step a. Assign distance 0 to the root and the infinite distance to the further vertices. Let the label
of the root be itself. Furthermore, let K be the empty set, and A be the singleton set containing
the root. Proceed to Step b.
• Step b. Choose a vertex from A with the minimal distance and denote it by i. (If there are more
vertices with minimal distance, then choose the smallest one.) Delete i from A, and equip K with
it. Proceed to Step c.
• Step c. For each edge (i, j) with t(i) + h(i, j) < t(j):
– c1. If j ∈
/ A, then put j into A, and modify its label and distance as follows:
c(j) := i, t(j) := t(i) + h(i, j).
– c2. If j ∈ A, then modify the label and distance of j by
c(j) := i, t(j) := t(i) + h(i, j).
• Step d. Terminate if A is empty. Then, the labels determine the minimal tree. Otherwise, proceed
to Step b.
The first few steps of the algorithm are demonstrated on Figures 2a-2b.
The proof of correctness of the algorithm is well-known (see e. g. [1]). Regarding this proof, we
remark that more minimal trees can exist under a fixed root. The distances of vertices in two different
minimal trees have to be the same but the labels can be different.
As far as the efficiency of the algorithm above is concerned, it is obvious that the time complexity
is O(N 2 ). Indeed, at Step b, we pass one vertex from set A into set K, consequently, the number of
iterations is N . Furthermore, in each iteration, we have to find one element with minimal distance
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among at most N − 1 elements (set A), and we have to investigate the inequality, t(i) + h(i, j) < t(j), at
most N − 1 times. It is worth noting that set K has no importance, it only makes easy the description
of the procedure (and the proof of correctness), thus, we can omit it in computer realizations.
It is easy to prove that any tree building algorithm has to investigate each edge in the network at
least one times. We can see that the Dijkstra algorithm introduced above investigates each edge exactly
one times. Hence, the efficiency of each procedure which is derived from this algorithm and preserves
the basic ideas (one times edge examination, final set, active set, choosing the element with minimal
distance) depends on the following factors:
• The number of elements in the active set.
• The data structure which stores and handles the active set.
Regarding the second factor, many computer implementations are known, they are summarized below.
We can classify the computer implementations known for the active set as follows:
• α. Disordered (set, array, list)
• β. Linearly ordered (array, list)
• γ. More-level or partially ordered (linked lists, trees, heap,.etc)
The ordering always means the increasing (nondecreasing) ordering of the vertices on the distances.
Analyzing the steps concerning the active set, we can conclude the following observations regarding
the possible implementations of the active set.

HEJ: ANM-030323-A

4

• Step b: To find an element with the minimal distance needs O(|A|) time for α type implementation.
For β and γ type implementations we get the required element immediately (first element, top
element). Deleting can be executed immediately for α and β type implementations and it usually
has the same time complexity as inserting for γ type implementation.
• Step c1: This step is immediate for α type implementation but for β and γ type implementations,
the time complexity of finding the place of a new element is a function of |A| (in the case of β, this
function is linear, in the case of γ, it is logarithmic).
• Step c2: The time complexity is similar as in Step c1. The difference is that for β and γ type
implementations, we need to find the new place of one element in A and we have to remove it.

3

Modified procedure

The basic ideas of the modified procedure can be sketched as given below.
From the above analysis, we can conclude that the decrease of the number of active elements in general
results in a more efficient algorithm. Investigating problem instances (see Figure 2), it seems that the
active set is too large, there are a lot of vertices, which have to wait for more steps to become minimal.
Hence, it would be very practical to put less vertices into the active set in each step, mainly such vertices
which has a greater chance to become minimal.
We can carry out this idea if for each vertex, we order the edges directed from it on increasing
(nondecreasing) lengths. For special type of networks, this preordering does not cause essentially larger
time complexity. For example, if
• for each point of the network, the number of edges directed from it is bounded by a constant k << N ,
and
• we need to determine all (or relatively a lot) minimal trees,
then the preordering yields approximately k 2 operations for each tree which is a negligible small constant
regarding N 2 .
The preordering makes us possible to put less vertices into the active set during the iterations, but
of course we have to be careful, we always must put the vertex which will have minimal distance during
the next iteration into the active set.
The idea of the preordering as an improving factor was occurred in an algorithm presented in [5], and
one can also find a tree building algorithm in [2] which is based on a similar preordering.
In this paper, preserving the basic properties of the Dijkstra procedure, we present a new tree building
technique with label-setting, and we prove its correctness and its theoretical efficiency.
Presentation of the modified algorithm
For the sake of unique representation, we note that if two edges have the same length, then we order
forward that, which has the smaller endpoint. We use the preordering with the help of a function denoted
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by m. During the procedure m(i) provides the smallest edge directed from vertex i which have not yet
investigated. At the beginning, for each i, which is not sink, let m(i) = 1.
Modified algorithm
• Step a’. Let the distance and label of the root be 0 and itself, respectively, and let us assign infinite
distance to the further vertices. Furthermore, let K 0 = ∅ and A0 be the singleton set containing the
root. For each vertex i, which is not sink, let m(i) = 1.
• Step b’. Choose one element from A0 with the minimal distance, denote it by i0 . (If there are more
vertices which have minimal distance choose the smallest element among them.) Delete vertex i0
from set A0 and put it into set K 0 . Let e = c0 (i0 ) be the label of vertex i0 . Proceed to Step c’.
• Step c’. Proceed the following (c1’-c4’) sub-procedure for both e and i0 .
– Step c1’. Denote the examined vertex by x.
– Step c2’. For edge (x, y) determined by m(x), examine property t0 (x) + h(x, y) < t0 (y). If
this property holds, then proceed to Step c3’. The sub-procedure is ended if this property
does not hold and m(x) has the maximal value. Otherwise, let m(i) := m(i) + 1 and proceed
to Step c2’.
– Step c3’. Proceed to Step c4’, if y ∈ A0 . Otherwise, put y into set A0 , and modify its label,
its distance, and the value of m(x) as follows:
c0 (y) := x,

t0 (y) := t0 (x) + h(x, y), m(x) := m(x) + 1.

Then, the sub-procedure terminates.
– Step c4’. Since y ∈ A0 , it has a label c0 (y). Let z = c0 (y), furthermore, as in step c3’ let:
c0 (y) := x,

t0 (y) := t0 (x) + h(x, y), m(x) := m(x) + 1.

Finally, let x := z and proceed to Step c2’.
• Step d’. Terminate, if A0 = ∅. Then, the minimal tree is determined by the produced labels.
Otherwise (A0 6= ∅), proceed to Step b’.
We show some starting steps of the procedure (see Figures 3.a-b).
We represent the algorithm by its flowchart (cf. Figure 4.), furthermore, demonstrate the work of the
main sub-procedure separately (cf. Figure 5).
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Correctness
Regarding the correctness of the modified procedure, we have to prove that it gives a minimal tree.
This statement is proved in more steps. First, using the notations of Figure 5, we examine the subprocedure which enlarge the active set with yu and decrease the distance of active vertices yl , l =
1, . . . , u − 1.
0 (z), cg
0 (z)
Let t0 (z, c0 (z) denote the distance and label of vertex z before the sub-procedure and tg
the distance and label of vertex z after the sub-procedure. The preordering on the vertices and the
construction of the sub-procedure imply the following relations.
c0 (y1 ) = x2 , . . . , c0 (yl ) = xl+1 , . . . , c0 (yu−1 ) = xu ,
t0 (y1 ) = t0 (x2 ) + h(x2 , y1 ), . . . , t0 (yu−1 ) = t0 (xu ) + h(xu , yu−1 ),
(3.1) h(x2 , y1 ) ≤ h(x2 , y2 ), . . . , h(xu , yu−1 ) ≤ h(xu , yu ),
0 (y ) = x , . . . , c0g
c0g
(y1 ) = x1 , . . . , cg
(yu ) = xu ,
l
l

t0g
(y1 ) = t0g
(x1 ) + h(x1 , y1 ), . . . , t0g
(yu ) = t0g
(xu ) + h(xu , yu ).
Let us investigate the relationship between the new distances of yl and yl+1 , l = 1, . . . , u − 1. The
sub-procedure selects yl with the following property:
(3.2) t0g
(yl ) = t0g
(xl ) + h(xl , yl ) < t0 (xl+1 ) + h(xl+1 , yl ) = t0 (yl ).
The distance of xl+1 does not change during the sub-procedure, therefore, t0 (xl ) = t0g
(xl ). This observation
g
g
0
0
and inequalities 3.1, 3.2 together with t (yl+1 ) = t (xl+1 ) + h(xl+1 , yl+1 ) imply the following inequality:
g
(3.3) t0g
(yl ) < t0 (y
l+1 ).
This yields that we have proved the following assertion.
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Lemma 3.1. During the sub-procedure, the sequence of the modified distances is monotone increasing.
We perform the sub-procedure in the Step c for the vertex i which has the minimal distance in
the active set and for the vertex e which is the label of i. Furthermore, by the preordering, we have
h(e, i0 ) ≤ h(e, j 0 ) for each edge (e, j 0 ) examined during the performance of the sub-procedure for e (see
Figure 5.). These observations and Lemma 3.1 imply the following statement.
Lemma 3.2. After the execution of Steps b, and c in the algorithm the distance of any vertex in
the active set is not smaller than the distance of the vertex placed into the ready set during the steps
considered.
On the basis of the above lemmas we can prove the following statement.
Lemma 3.3. The distance of a vertex placed into the ready set is not smaller then the distance of
other vertices from the ready set. If two vertices have the same distances, then firstly the smaller vertex
is placed into the ready set.
Proof. The first part of the lemma is an obvious consequence of Lemma 3.2. To prove the second
part, contrary, let us suppose that p ∈ K 0 , q ∈ K 0 , t0 (p) = t0 (q), p < q and q was placed into the set K 0
earlier than p. By Lemma 3.2 and t0 (p) = t0 (q), we can assume that q was placed into the set K 0 during
the l-th iteration part and q was placed into K 0 during the l + 1-th iteration part. By the definition
of Step b., the above assumption yields that at the beginning of the l-th iteration we had t0 (q) < t0 (p)
and we decreased the value of t0 (p) during the iteration part. On the other hand, by (3.3) and Lemma
3.2, the decrease of t0 (p) to t0 (q) is only possible in the case when (see Figure 5.) q = i0 , p = j 0 and
h(e, i0 ) = h(e, j 0 ), which contradicts the preordering defined on the edges.
Lemma 3.3 immediately implies the following observation.
Corollary 3.4. Each vertex placed into the ready set has a final distance and label. These vertices
do not become active again during the procedure.
Furthermore, we have to prove the following statement.
Theorem 3.5. If the active set becomes empty, then each vertex for which there is a path leading
from the root to it has a label and a final distance.
Proof. For verification by contradiction, let us suppose that there is a vertex with a path leading from
the root to it which has no label and finite distance. Let us call these vertices bad vertices. If there is a
bad vertex, then there is such a one which is an endpoint of an edge having its starting point from the
ready set. Let p denote the starting point of this edge. Then, investigating the edges directed from p,
some of these edges have bad endpoints. Consider the smallest such edge with respect to the preordering.
Denote its endpoint by r (cf Figure 6.). Then, (p, r) is not the first edge in the preordering from p since
the endpoint of the first edge has a label and a finite distance when p is placed into the ready set. On the
other hand, the endpoints of edges smaller then (p, r) have a label and finite distance by the definition
of r. During the iteration, when p was placed into the ready set some of these endpoints received label
p. (Otherwise, we would consider vertex r during the sub-procedure of this iteration. ) Consequently,
there are vertices which are the endpoints of edges smaller then (p, r) and which had p as a label during
the procedure. Let denote that one among these vertices which is the endpoint of the greatest edge by
u. Now, consider two cases. First, let us suppose that u also has p as the final label. Then, during the
iteration part, when u was placed into the ready set we would consider r and assign a label to it or we
would assign p as a label to such a vertex which is the endpoint of an edge directed from p which is greater
than (p, u) and smaller than (p, r). Therefore, we get a contradiction in this case. Let us suppose that
the final label of u is not p. Then, investigating the iteration part in which the label of u was modified,
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we get a contradiction in the same way as above. Consequently, we get a contradiction in both case,
thus, we proved the statement of the theorem.
Lemma 3.6. During the performance of the modified procedure, we assign to each vertex a ready
vertex as a label.
Proof. The statement is obviously valid for the root. To prove by contradiction, let us suppose that
there is a vertex not satisfying the above statement. Denote by r (see Figure 7.) the vertex firstly
investigated during the procedure which had an active label p. Let us examine how the procedure could
assign this label to vertex r. There are two possibilities. One possibility is that p had the minimal
distance in A0 . In this case, at the beginning of the iteration, p became ready and, by Lemma 3.4, p
remained ready till the end of the procedure. Hence, this case leads to a contradiction. In the other case
the procedure assigned the label p to r, when a vertex u which had the label p was investigated. In this
case, if p was not ready, we found a vertex u having an active label which was investigated earlier then
r. Hence, this case contradicts the definition of r. Both cases led to a contradiction, thus, we proved the
statement.
Lemma 3.7. If p ∈ K 0 and u is the endpoint of an edge directed from p, which is smaller regarding the
preordering than the edge determined by m(p), then u ∈ K 0 or u ∈ A0 , furthermore, t0 (u) ≤ t0 (p) + h(p, u)
is valid for the current distances.
Proof. Firstly, let us observe that during the procedure the values of t0 (x) decrease for every x.
Since the value of m(i) determines a greater edge than (p, u), the inequality t0 (p) + h(p, u) < t0 (u) was
investigated by the algorithm. If this inequality was valid, then the procedure had changed the distance
of u by t0 (u) := t0 (p) + h(p, u). The investigation of the above inequality happened at the iteration part
in which p was placed into the ready set or later, thus, after this investigation the value of t0 (p) have not
changed. Hence, by the first observation, we proved that the required inequality is indeed hold. On the
other hand, t0 (u) is finite which yields that u ∈ K 0 or u ∈ A0 .
Theorem 3.8. If i ∈ K 0 , then there is no path in the network leading from the root to i which has
smaller length than t0 (i).
Proof. By Lemma 3.4, it is sufficient to prove that this property is hold when a vertex is placed
into the ready set. To verify by contradiction, let us suppose that there are vertices not satisfying the
above property, when they are placed into K 0 . Denote by p (see Figure 8.) the first vertex during the
performance of the procedure which does not satisfy the statement, furthermore, by r its label. This yields
that t0 (p) = t0 (r) + h(r, p) is a minimal distance among the distances of the active vertices, furthermore,
there is a path (. . . , v, s, . . . , p) leading from the root to p which has a length w < t0 (p). Since p is the first
vertex having this property during the procedure, the path does not contain r. Let v denote the last ready
vertex preceding p from the path, furthermore, s denote the vertex which follows after v in the path. Let
us consider two cases depending on m(v). First, suppose that m(v) determines an edge which is greater
regarding the preordering than (v, s). In this case, by Lemma 3.7, s ∈ A0 and t0 (s) ≤ t0 (v) + h(v, s). On
the other hand, v ∈ k 0 , thus, by the definition of p, the length of any path leading from the root to v is
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at least t0 (v). Hence, t0 (p) > w ≥ t0 (v) + h(v, s) ≥ t0 (s), which contradicts the minimal property of t0 (p).
Now, suppose that m(v) determines an edge which is not greater with respect to the preordering than
(v, s). In this case, there is an active vertex u (cf. Figure 8.) for which the edge (v, u) is greater than the
edge determined by m(v) and smaller than (v, s). Then, by t0 (v) + h(v, s) ≥ t0 (v) + h(v, u) ≥ t0 (u), we
get a contradiction in a similar way as above. Consequently, we got a contradiction in both cases, thus
the statement is proved.
By Theorem 3.5 and 3.8, we proved that the modified algorithm is correct, it produces a minimal tree.

4

The efficiency of the modified algorithm

During the performance of the procedure, each edge is investigated one times (cf. Step c’). This observation follows from the definition of function m. We have seen that under such algorithms the time
complexity is determined by the size of the active set. Let us investigate the sizes of the active sets which
belong to the basic and to the modified algorithm, respectively. We prove that the active set belonging
to the modified algorithm is a subset of the corresponding active set belonging to the basic algorithm in
each iteration. For the sake of brevity, we denote the basic algorithm by D and the modified algorithm
by D0 .
Theorem 4.1. For every iteration steps of the algorithm,l
• the two algorithms choose and place the same vertex with the same distance, into the active set
• the active set belonging to algorithm D0 is a subset of the active set belonging to algorithm D.
Proof. We prove the statement by induction. It is obvious that the statement is valid after the first
iteration. Let n ≤ N and suppose that the statement is valid for each iteration part performed before
the n-th iteration part. We prove that then it is also valid after the n-th iteration part. Let us observe
that by Lemma 3.5 and the induction hypothesis, A0 6= ∅ and A 6= ∅ are valid. Now, we verify that the
two algorithms put the same vertices with the same labels and distances into the ready set .
Let i denote the vertex chosen by algorithm D, furthermore, let e = c(i). Since e ∈ K, by the
induction hypothesis, we have that e ∈ K 0 and t(e) = t0 (e) are the final distances of e. Consider the
value of m(e) in the case of algorithm D0 . If m(e) determines an edge which is not greater according to
the preordering than (e, i), then there is a vertex j ∈ A0 for which (e, j) is smaller than (e, i) under the
preordering. (Otherwise, e ∈ K 0 would implies i ∈ K 0 contradicting the induction hypothesis.) On the
other hand, in this case, j ∈ A is also valid. Furthermore, since e ∈ K, the algorithm D investigated each
edge directed from e, thus t(j) ≤ t(e) + h(e, i) is valid. Consequently, by h(e, j) ≥ h(e, i), we have that
t(j) ≤ t(e)+h(e, j) ≤ t(e)+h(e, i) = t(i). Since algorithm D selected i to put into the ready set, the above
inequality is possible if and only if h(e, j) = h(e, i) and i < j. On the other hand, we know that (e, j)
is smaller than (e, i) regarding the preordering which is a contradiction. Hence, we get a contradiction,
and therefore, we proved that m(e) determines an edge which is greater with respect to the preordering
than (e, i). Then, Lemma 3.7 implies i ∈ A0 and t0 (i) ≤ t0 (e) + h(e, i) = t(e) + h(e, i) = t(i). On the other
hand, by the correctness of procedure D and the definition of i, we can conclude that t(i) ≤ t0 (i). These
inequalities imply that t(i) = t0 (i).
Let i0 denote the vertex chosen by algorithm D0 , furthermore, let e0 = c0 (i0 ). By the induction
hypothesis, it follows that i0 ∈ A. Furthermore, since e0 ∈ K 0 , we have that e0 ∈ K. This yields that
during the iteration part when e0 was placed into set K, algorithm D investigated each edge directed
from e0 . Consequently, the inequality t(i0 ) ≤ t(e0 ) + h(e0 , i0 ) = t0 (e0 ) + h(e0 , i0 ) = t0 (i0 ) is valid. On the
other hand, by Theorem 3.8, one can conclude that t0 (i0 ) ≤ t(i). This gives that t0 (i0 ) = t(i).
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We have proved that vertices i and i0 are active for algorithms D and D0 . Both algorithms choose
an active vertex which has the minimal distance, hence t(i) ≤ t(i0 ) = t0 (i) ≤ t0 (i0 ) = t(i) is valid and
t(i) = t(i0 ), t0 (i) = t0 (i0 ) follow. On the other hand, if there are more vertices with the minimal distance,
then both algorithm choose the smallest one. This yields that i = i0 , which is the first part of the
statement.
In order to prove the second part of the statement, we have to verify that A0 ⊂ A is valid after the
performance of the iteration part. We delete i = i0 from A and A0 , and thus, A0 ⊆ A is also valid after this
operation . Set A contains all vertices, which are not ready vertices and they are the endpoints of edges
having ready starting points. The construction of the sub-procedure of D0 and Lemma 3.6 imply that A0
contains only such vertices which are not ready and they are the endpoints of edges having ready starting
points. Furthermore, by the induction hypothesis, the two ready sets are the same. These observations
show that A0 ⊆ A is also valid after the performance of the iteration part.
The decrease of the size of the active sets, which we can achieve by the modified algorithm, depends
on the considered network and root, we do not give a general estimation for it. However, we can conclude
a connection between the average number of edges and the decrease of the active sets by the following
statement.
Theorem 4.2. During algorithm D0 , each ready vertex is assigned to at most one active vertex as a
label.
Proof. For each p ∈ K 0 let us denote by a(p) the number of active vertices with label p. Investigate
the behavior of a(p) during the procedure. Let us observe that during the sub-procedure (cf. Figure
5.) on the basis of Lemmas 3.4 and 3.6, x1 , . . . , xu are ready vertices and y1 , . . . , yu are active vertices,
and therefore, the values of a(x2 ), . . . , a(xu ) do not change. If x1 = x = i0 , then a(x) is at most 1 since
i0 as a new ready vertex has not been assigned to any vertex earlier. Finally, if x1 = x = e, then the
increase of a(x) is at most 1 during the sub-procedure, but the algorithm decreases this value before the
performance of the sub-procedure putting i0 into the ready set. Consequently, for each p ∈ K 0 , the value
of a(p) being at most 1 when the vertex becomes ready can not increase during the procedure.
The above statement is not valid for the basic algorithm. In the basic algorithm, if a vertex is placed
into the ready set, then each not ready vertex which is endpoint of an edges directed from the vertex
considered becomes active. Thus, by Lemma 4.2, we can expect that if the average number of vertices
is greater, then the difference between the average size of A0 and A increases. This statement can be
illustrated by the following examples.
Networks considered
In the following networks, the lengths of the edges was generated randomly over [1, 10] under uniform
distribution.
• R2015, R3030: Grid type networks with sizes 20 × 15 and 30 × 30 (see Figure 9).
• S2015, S3030: Diagonal grid type networks with sizes 20 × 15 and 30 × 30 (cf. Figure 10).
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• V-3-4, V-3-8: Networks having 300 vertices where for each vertex, there are 4 (8) edges directed
from it and 4 (8) edges directed to it.
• V-3-4, V-3-8: The same networks as above with 900 vertices.
Algorithms considered
• DA : The basic algorithm where the active set has α type computer implementation.
• D’A : The modified algorithm in which the active set has α type computer implementation.
• DB : The basic algorithm where the active set has β type computer implementation.
• D’B : The modified algorithm where the active set has β type computer implementation.
• DC : The basic algorithm in which the active set has γ type computer implementation.
• D’C : The modified algorithm where the active set has γ type computer implementation.
For each vertex of the networks we determined the minimal trees by using the above algorithms. The
obtained average results are presented by the table of Figure 11. The algorithms were studied from the
following points of view:
• set: The average size of the active set.
• step: The average number of the minimal searching, inserting, removing steps required to determine
one minimal tree.
• % : The ratio of the attributes of the modified algorithm and basic algorithm per cent.
We have not investigated the computer run-time. The run-time highly depends on the programming
language and the coding of the algorithm. A theoretically better algorithm with a less effective coding
can have worst run-time than a theoretically worst algorithm with a more efficient coding.
We can measure the efficiency with the average size of the active set. Considering the investigated
networks, the decrease of the average size of the active set (set % line in Figure 11) is about 18 − 38
percent. Depending on the implementation of the active set, we can see this improvement considering
the decrease of the required number of the inserting and removing steps.
The above presented algorithm with γ type implementation of the active set was used to solve practical
problems in the area of traffic organization. Such applications can be found in [6], [7], [8], and [9].
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