On the Full Multigrid Basis Transformation in Dirichlet Domain Decomposition Preconditioners: Model Problem Analysis and Numerical Experiments

Gerd Kunert, TU Chemnitz, Fakultät Mathematik, 09107 Chemnitz, Germany

gerd.kunert@mathematik.tu-chemnitz.de

HU ISSN 1418-7108: HEJ Manuscript no.: ANM-980724-A

Abstract

The domain decomposition (DD) technique is well-suited for constructing parallel partial differential equation solvers. By means of the Additive Schwarz Method we derive and analyse Dirichlet-type DD preconditioners. Such preconditioners contain three components which are the (modified) Schur complement preconditioner, the local Dirichlet problem preconditioner, and the so-called basis transformation. Of all components, the last one plays the most crucial role.

Amongst other methods, multigrid techniques have been popular for defining this basis transformation. However, the quality of the preconditioner deteriorates as h → 0. In this paper we investigate whether the use of the full multigrid method can remedy this shortcoming.

The technical theoretical analysis has been carried out for a model problem and the full two-grid operator. In numerical experiments the full multigrid basis transformation has been tested. The analysis shows that full multigrid behaves asymptotically as the multigrid method but displays better numerical performance.

Keywords: Domain Decomposition, Preconditioners, Full Multigrid, Finite Elements, Conjugate Gradient Method, Parallel Algorithms

1 Introduction

The interest in parallel solvers for partial differential equations has risen in recent years. Thus the domain decomposition method (DD) became increasingly popular since it contains a natural parallel structure. As it is usual with this method, we utilize the resulting block system of linear equations ( K_C K_{CI} K_{IC} K_I ) ( u_C u_I ) = ( f_C f_I )

1

(cf. section 3 for a more detailed description). The Additive Schwarz Method has been employed to construct preconditioners C of the type

C := ( I_C K_{CI} B^{−T}_I O I_I ) ( C_C O O C_I ) ( I_C O B^{−1}_I K_{IC} I_I )

for the (parallel) conjugate gradient method (cf. [12, 13], and section 3). Two of the three components of this DD preconditioner, namely the (modified) Schur complement preconditioner C_C , and the local Dirichlet problem preconditioner C_I , have been studied intensively by the DD community (cf. the proceedings of the international Symposia on “DD methods for partial differential equations” since 1987 [7, 3, 4, 8, 18, 1, 19], and also [2, 5, 6]). Haase/Langer/Meyer [12, 13] proved that the quality of the DD preconditioner is dominantly influenced by the third component, the basis transformation B_I . This basis transformation determines the perturbation T_C of the Schur complement which, in turn, influences the spectral radius μ = ϱ(S^{−1}_C T_C ) and finally the relative condition number of the preconditioner, κ(C^{−1}K) = O(μ) (provided that C_C and C_I are chosen appropriately).

Several ideas to choose the basis transformation B_I which is defined implicitly by some iteration method are summarized in section 3. Our interest is focused on the multigrid method for which it is known that

• the application of s = O(ln h^{−1}) multigrid cycles ensures a bounded condition number κ(C^{−1}K) = O(1) (cf. [12]).

• the application of s = 1 multigrid cycle results (in numerical experiments) in a growing condition number κ(C^{−1}K) = O(h^{−1}) as h → 0 [12].

In this paper we investigate the use of one full multigrid cycle for the definition of the basis transformation. Special interest is paid firstly as to whether the increasing condition number κ(C^{−1}K) can be overcome as h → 0, and secondly to the computational expense.

Sections 2 is devoted to the model problems whereas section 3 deals with the DD preconditioner and the basis transformation B_I . The theoretical analysis of the full multigrid basis transformation is performed in section 4. Unfortunately the analysis turned out to be so technical that only the full two-grid operator on a simple model problem could be treated. In section 5 the numerical experiments with the full multigrid operator are given. Section 6 summarizes the results obtained.

2 The model problems and the domains

Here we consider exclusively the Poisson equation with homogeneous Dirichlet boundary conditions:

Find u(x) ∈ H^1_o (Ω) : ∫ Ω ∇^T u∇v = ∫ Ω fv ∀v ∈ H^1_o (Ω) and Ω being a bounded two-dimensional domain with Lipschitz-continuous boundary Γ = ∂Ω. By means of the usual linear triangular finite element discretization we obtain a system of linear equations K u = f with a symmetric and positive definite matrix K.

In this paper we consider two model problems. The model problem 1 is given by the differential equation mentioned above and the domain Ω consisting of two unit squares. This domain is shown in Figure 1 which also illustrates some terms to be introduced later.

The model problem analysis is performed exclusively on this model problem 1. For numerical experiments we also use the model problem 2. The corresponding domain Ω and the subdomains Ω_i are depicted in Figure 2.

For a further (real life) problem the reader is referred to [20].

x_1 x_2

0 1 2

Ω_1 Ω_2

Γ_C

0

1 Ω = Ω_1 ∪ Ω_2

Γ_D = ∂Ω

Γ_C = { (1, y) : 0 < y < 1 }

←→ ‘ I ’

←→ ‘ C ’

Figure 1: Model problem 1 (triangulation and subdomains)

x_1 x_2

0 1 0

1

Ω_1

Ω_3

Ω_{11}

Ω_9

Ω_0

Ω_2

Ω_{10}

Ω_8

Ω_4

Ω_6

Ω_{14}

Ω_{12}

Ω_5

Ω_7

Ω_{15}

Ω_{13}

Figure 2: Model problem 2

3 The Domain Decomposition Preconditioner

For the domain decomposition method (FE substructure technique) let the domain Ω be subdivided into p non-overlapping subdomains Ω_i. The coupling boundary Γ_C is defined as Γ_C := p⋃ i=1 ∂Ω_i \ Γ_D with Γ_D being the Dirichlet boundary. The index ‘C’ always refers to nodes on

that coupling boundary Γ_C whereas the index ‘I’ relates to nodes inside the subdomains Ω_i. Figure 1 may serve as an example.

For the finite element method used here we utilize the basis Φ = {φ_1, φ_2 . . . φ_N } consisting of the common piecewise linear ansatz functions φ_i over the internal nodes of the triangulation. Let the numbering be such that all ansatz functions related to Γ_C come first, followed by those related to the inner nodes of Ω_1, Ω_2 . . . With this special ordering the resulting system of linear equations can be written in block form ( K_C K_{CI} K_{IC} K_I ) ( u_C u_I ) = ( f_C f_I ) .

The basis transformation of the FE basis Φ to the approximate discrete harmonic basis ~Ψ is given by ~Ψ := Φ ∗ ( I_C O −B^{−1}_I K_{IC} I_I ) . The Additive Schwarz Method (ASM) corresponding to the splitting of the finite element space into the subspaces span { Φ ∗ (I_C , −B^{−1}_I K_{IC} )^T } and span { Φ ∗ (O , I_I )^T } yields the preconditioner (cf. [12, 13, 23]) D = ( I_C K_{CI} B^{−T}_I O I_I ) ( S_C + T_C O O K_I ) ( I_C O B^{−1}_I K_{IC} I_I ) . The matrices B_I , S_C := K_C − K_{CI} K^{−1}_I K_{IC} , T_C := K_{CI} (K^{−1}_I − B^{−T}_I )K_I (K^{−1}_I − B^{−1}_I )K_{IC} , and S_C + T_C are referred to as the basis transformation, the Schur complement, the perturbation of the Schur complement, and the modified Schur complement, respectively.

Finally the matrices S_C + T_C and K_I are replaced by symmetric, positive definite and spectrally equivalent matrices C_C and C_I , i.e.

γ_C C_C ≤ S_C + T_C ≤ γ_C C_C and γ_I C_I ≤ K_I ≤ γ_I C_I .

It has been shown in [12, 13] that the resulting preconditioner

C := ( I_C K_{CI} B^{−T}_I O I_I ) ( C_C O O C_I ) ( I_C O B^{−1}_I K_{IC} I_I ) (1) is spectrally equivalent to K with the spectral condition number estimate ( γ / γ ) ( √ μ + √ 1 + μ

)_2 ≤ κ(C^{−1}K) ≤ ( γ / γ ) ( √ μ + √ 1 + μ

)_2 (2) Here μ := ϱ (S^{−1}_C T_C ) is the spectral radius of S^{−1}_C T_C , and γ := min{γ_C , γ_I } and γ := max{γ_C , γ_I }.

In our examples the three components C_I , C_C and B_I of this preconditioner C are chosen as follows:

• C_I is defined by a suitable symmetric multigrid method yielding h-independent constants γ_I and γ_I = 1 (cf. [17]).

• For C_C the classical Dryja preconditioner (cf. [5]) is used in the model problem 1 giving h-independent constants γ_C and γ_C as well. In example 2, the BPS preconditioner [2] is applied resulting in a relatively slowly growing ratio γ_C /γ_C = O(ln^2 h^{−1}) as h → 0.

• B_I is implicitly defined by the iteration operator M_I of some iteration method, i.e.

B_I = K_I ( I_I − M_I )_{−1} . (3)

For model problem 1 and for several operators M_I the behaviour of the spectral radius μ = ϱ(S^{−1}_C T_C ) as h → 0 is as follows:

– The two-grid operator (i.e. multigrid with two grids) led to μ = O(h^{−1}) on numerical examples (cf. Haase [10]).

– The application of one multigrid step resulted in a growing μ = ϱ (S^{−1}_C T_C ) as h → 0 on numerical tests [10]. Theoretically the growth is at most O(h^{−1}) [12]. However, O(ln h^{−1}) multigrid steps ensure a bounded μ.

– Haase, Langer, Meyer, and Nepomnyaschikh [14] construct the initial guess of the multigrid iteration by means of a hierarchical extension procedure. This gives μ = ϱ (S^{−1}_C T_C ) = O(ln h^{−1}), or equivalently, O(ln ln h^{−1}) multigrid steps imply a bounded μ. Haase [11] improved the extension technique and showed that O(ln ln h^{−1}) smoothing steps yield a bounded μ.

Recently Nepomnyaschikh [21] proposed a BPX-like extension operator resulting in a bounded μ without multigrid improvement.

– Haase [10] applied suitable frequency filter methods yielding an apparently bounded μ in numerical experiments.

These theoretical and numerical results indicate that the spectral condition number κ(C^{−1}K) depends heavily on μ = ϱ (S^{−1}_C T_C ) and thus on T_C = K_{CI} (K^{−1}_I − B^{−T}_I )K_I (K^{−1}_I − B^{−1}_I )K_{IC} . Hence the improvement of κ(C^{−1}K) has to be achieved via the basis transformation B_I .

To our knowledge the use of the full multigrid technique for the definition of the basis transformation B_I has not been investigated theoretically. The analysis of this method is a major aim of this paper. We try to find out as to whether the h-dependence of μ = ϱ (S^{−1}_C T_C ), as it occurs by applying only one multigrid step, can be overcome.

4 Model problem analysis

As outlined above we intend to analyse the full multigrid method for defining the basis transformation B_I . Due to the very complex matter however we have to restrict the analysis to the full two-grid operator and the model problem 1 instead.

In this section the basic formulae to evaluate μ = ϱ (S^{−1}_C T_C ) are derived first, followed by the analysis of the full two-grid operator. For the special case where the relaxation parameter is chosen to be ω = 1.0 a proof of the growth of μ is presented in the remainder of this section.

4.1 Basic formulae

We consider the model problem 1 (cf. Figure 1). Following [10] the basis transformation matrix B_I as defined in (3) leads to

μ = ϱ (S^{−1}_C T_C ) = sup

u_C ∈R^{NC} \{O}

(T_C u_C , u_C ) (S_C u_C , u_C )

= sup

u_C ∈R^{NC} \{O}

‖M_I K^{−1}_I K_{IC} u_C ‖^2_{KI} ‖u_C ‖^2_{SC}

= sup

u_C ∈R^NC \{O} p∑ i=1 ‖M_{I,i}K^{−1}_{I,i} K_{IC,i} u_C ‖^2_{KI,i} ‖u_C ‖^2_{SC} because of the block structure of M_I = diag{M_{I,i}}_{i=1,p} , of K_{IC} = K^T_{CI} = [K_{IC,1} . . . , K_{IC,p}], and of K_I = diag{K_{I,i}}_{i=1,p} (with p = 2 subdomains). Introducing

δ_i := sup

u_C ∈R^NC \{O} ‖M_{I,i}K^{−1}_{I,i} K_{IC,i} u_C ‖^2_{KI,i} ‖u_C ‖^2_{SC} (4)

gives μ ≤ p∑ i=1 δ_i. The terms of equation (4) will now be evaluated by means of the Fourier

analysis which utilizes the basic ideas of Stüben and Trottenberg [16].

Let the indices k and i correspond to the x-directions and l and j to the y-direction. Let n = 1/h be the (even) number of intervals on [0, 1]. The eigenvectors and the eigenvalues of the matrix K_I are (cf. [22]) μ_{k,l} = { μ_k(i) · μ_l(j) }_{i,j=0...n} and λ_{k,l} = λ_k + λ_l k, l = 1 . . . n − 1 with μ_k(i) = √ 2h sin(kπih) and λ_k = 4 sin^2(kπh/2) .

Let the Fourier expansion of u_C (on the coupling boundary Γ_C ) be

u_C (j) = n−1∑ l=1 α_l μ_l(j) with α_l = ( u_C , μ_l ) = n−1∑ j=1 u_C (j)μ_l(j) .

Then the denominator of (4) can be approximated as

‖u_C ‖^2_{SC} = (S_C u_C , u_C ) ≈ n−1∑ l=1 √ λ^2_l + 4λ_l α^2_l (5)

which is asymptotically exact as h → 0 (cf. Golub [9] and Haase [10]).

The numerator ‖M_{I,i}K^{−1}_{I,i} K_{IC,i} u_C ‖^2_{KI,i} of (4) has been derived in Haase [10] as follows:

y_I := K_{IC} u_C = n−1∑ l=1 n−1∑ k=1 ( −μ_k(n − 1) α_l ) μ_{k,l}

z_I := K^{−1}_I K_{IC} u_C = K^{−1}_I y_I = n−1∑ l=1 n−1∑ k=1 ( −μ_k(n − 1) λ_{k,l} α_l ) μ_{k,l} (6) ‖M_I K^{−1}_I K_{IC} u_C ‖^2_{KI} = ‖M_I z_I ‖^2_{KI} = ( K_I M_I z_I , M_I z_I ) . (7)

With these expansions (5) and (7) the fraction δ_i and thus the desired spectral radius μ = ϱ (S^{−1}_C T_C ) will be evaluated. Equation (7) is of special interest since it contains the iteration operator M_I which describes the basis transformation B_I (cf. (3)). The next subsection is devoted to the application of the full two-grid operator for the definition of M_I .

4.2 The full two-grid operator

Let M̂_I and M_I denote the two-grid operator and the full two-grid operator, respectively. We will expand M_I and then obtain an exact formula for ‖M_I z_I ‖^2_{KI} and eventually for μ.

We start by introducing the abbreviations

k^′ = n − k , s_k = sin^2(kπh/2) , c_k = cos^2(kπh/2)

which yield obviously s_k′ = c_k and c_k′ = s_k. Let [k, l] := {(k, l), (k^′, l), (k, l^′), (k^′, l^′)} be an index quadruplet. Let x_{[k,l]} := [x_{k,l}, x_k′_{,l}, x_{k,l}′ , x_k′_{,l}′ ]^T be that 4-dimensional subvector of a vector x = {x_{k,l}}_{k,l=1,n−1} that corresponds to [k, l]. Analogously let X_{[k,l]} denote the 4×4 submatrix of a (diagonal or block-diagonal) matrix X whose entries relate to [k, l]. Let [l] := {l, l^′} be an index pair. Then ∑ [l] and ∑ [k,l] shall denote the summation over all index pairs and index

quadruplets, respectively.

Let us now derive the expansion of M̂_I and M_I . The two-grid operator M̂_I can be written as M̂_I = S_h C_h S_h = ( I_h − ω 4 K_h ) · ( I_h − I^h_H K^{−1}_H I^H_h K_h ) · ( I_h − ω 4 K_h ) . The indices h and H are related to the fine and coarse grid, respectively. We apply one ω-Jacobi iteration for pre- and post-smoothing. The following notation is used.

S_h – pre- and post-smoothing operator with smoothing parameter ω C_h – coarse grid correction operator I_h – identity matrix K_h, K_H – stiffness matrix K of the fine/coarse grid I^h_H – bilinear interpolation operator from the coarse onto the fine grid I^H_h – restriction operator from the fine onto the coarse grid The full two-grid technique means that the coarse grid system K_H u_H = r_H is solved first before taking the interpolant u_{k+} 1_2 = I^h_H u_H as the initial guess of the subsequent two-grid iteration. Thus we have

u − u_{k+1} = M̂_I (u − u_{k+} 1_2 ) = M̂_I (u − I^h_H u_H ) = M̂_I (u − I^h_H K^{−1}_H r_H ) = M̂_I (u − I^h_H K^{−1}_H I^H_h r_h) = M̂_I (u − I^h_H K^{−1}_H I^H_h (f − K_h u_k)) = M̂_I (u − I^h_H K^{−1}_H I^H_h K_h (u − u_k)) = M̂_I (I − I^h_H K^{−1}_H I^H_h K_h)(u − u_k)

(since we start with u_k = 0). Therefore the error transition operator of the full two-grid operator can be expressed as

M_I = M̂_I (I − I^h_H K^{−1}_H I^H_h K_h) = S_h C_h S_h · C_h .

This operator M_I will be expanded with respect to the orthonormal basis Q := {μ_{k,l}}_{k,l=1,n−1} of the eigenvectors of K_I . Let the eigenvectors of an index quadruplet [k, l] be placed in adjacent columns. The analysis of the appropriate operators results in K_I · Q = Q · Λ S_h · Q = Q · Θ C_h · Q = Q · C and thus M_I · Q = S_hC_hS_h · C_h · Q = Q · Θ C Θ C (8)

The matrix Λ occurring in (8) has the form Λ = diag{λ_{k,l}}_{k,l=1,n−1} = 4 · diag{s_k + s_l}_{k,l=1,n−1} . The matrix Θ represents the ω-Jacobi smoothing and thus expands to

Θ = diag {( 1 − ω 4 λ_{k,l} )} . The coarse grid correction matrix C has been derived in [16] and [10] to be

C = blockdiag{C_{[k,l]}} with C_{[k,l]} = I − R · c c^T Λ_{[k,l]} (9) and I = the 4 × 4 identity matrix, R := 1 4(s_kc_k + s_lc_l)

, (10)

c := [c_kc_l, −s_kc_l, −c_ks_l, s_ks_l]^T . (11)

Here Λ_{[k,l]} is the corresponding submatrix of Λ, i.e

Λ_{[k,l]} = 4 · diag{s_k + s_l , c_k + s_l , s_k + c_l , c_k + c_l} .

Note that for k = k^′ and/or l = l^′ the matrix C_{[k,l]} is reduced to the 2 × 2 or 1 × 1 identity matrix. Additionally the matrix ΘCΘC is block-diagonal and thus the eigen subspace related to the quadruplet [k, l] remains unchanged under the application of the full two-grid operator M_I .

Let us repeat the Fourier expansion (6) of z_I :

z_I = n−1∑ l=1 n−1∑ k=1 ( −μ_k(n − 1) λ_{k,l} α_l ) μ_{k,l} = n−1∑ l=1 n−1∑ k=1 β_{k,l}μ_{k,l} = Q · β with β_{k,l} := −μ_k(n − 1) λ_{k,l} α_l . (12)

Utilizing the matrix relations (8) we conclude M_I z_I = M_I · Qβ = Q · ΘCΘC · β K_I M_I z_I = K_I · Q · ΘCΘC · β = Q · Λ · ΘCΘC · β =⇒ (K_I M_I z_I , M_I z_I ) = (Q · Λ · ΘCΘC · β, Q · ΘCΘC · β) = (C^T ΘC^T Θ · Λ · ΘCΘCβ, β)

since Q is an orthonormal basis. We introduce the new block-diagonal matrix

F := C^T ΘC^T Θ · Λ · ΘCΘC = blockdiag{F_{[k,l]}} with F_{[k,l]} = C^T_{[k,l]} Θ_{[k,l]} C^T_{[k,l]} Θ_{[k,l]} · Λ_{[k,l]} · Θ_{[k,l]} C_{[k,l]} Θ_{[k,l]} C_{[k,l]} ∈ R^{4×4} (13)

and obtain the intermediate result

‖M_I z_I ‖^2_{KI} = (F β, β) = ∑ [k,l] (F_{[k,l]} β_{[k,l]}, β_{[k,l]}) .

The substitution (12) of the β_{k,l} by the α_l can be written as β_{k,l} = −μ_k(n − 1) λ_{k,l} α_l or β_{[k,l]} = Γ_{[k,l]} · α_{[l]}

with Γ_{[k,l]} = −μ^k(n − 1) λ_{k,l} 0 −μ^{k′} (n − 1) λ_k′_{,l} 0 0 −μ^k(n − 1)λ_{k,l′} 0 −μ^{k′} (n − 1) λ_k′_{,l}′

∈ R^{4×2} (14)

and the definition α_{[l]} := [α_l, α_l′ ]^T . The application of this substitution results in

‖M_I z_I ‖^2_{KI} = (F β, β) = ∑ [k,l] (F_{[k,l]} β_{[k,l]}, β_{[k,l]}) = ∑ [k,l] (F_{[k,l]}Γ_{[k,l]}α_{[l]}, Γ_{[k,l]}α_{[l]})

= ∑ [k,l] (Γ^T_{[k,l]}F_{[k,l]}Γ_{[k,l]}α_{[l]}, α_{[l]}) = ∑ [k,l] (G_{[k,l]}α_{[l]}, α_{[l]}) = ∑ [l] ∑ [k] G_{[k,l]}α_{[l]}, α_{[l]} = ∑ [l] ( H_{[l]}α_{[l]}, α_{[l]} ) = (Hα, α) with the new matrices

G_{[k,l]} := Γ^T_{[k,l]}F_{[k,l]}Γ_{[k,l]} ∈ R^{2×2} (15)

H_{[l]} := ∑ [k] G_{[k,l]} ∈ R^{2×2} and H := blockdiag { H_{[l]} } . Thus the numerator of δ_i in (4) is evaluated.

The denominator of δ_i has been approximated in (5) as

‖u_C ‖^2_{SC} = (S_C u_C , u_C ) ≈ n−1∑ l=1 √ λ^2_l + 4λ_l α^2_l = ∑ [l] ( D_{[l]}α_{[l]}, α_{[l]} ) = (Dα, α) .

Here D_{[l]} and D denote the positive definite diagonal matrices

D_{[l]} = diag {√ λ^2_l + 4λ_l , √ λ^2_l′ + 4λ_l′ } (16)

and D = blockdiag { D_{[l]} } . Finally δ_i can be expressed as

δ_i = sup

u_C ∈R^NC \{O} ‖M_I z_I ‖^2_{KI} ‖u_C ‖^2_{SC} = max_α (Hα, α) (Dα, α) = ϱ (D^{−1}H) = max_{[l]} ϱ ( D^{−1}_{[l]} H_{[l]} ) . (17)

since D^{−1}H has a 2 × 2 block-diagonal form.

This last equation has been too difficult to analyse. It allows, however, an exact numerical evaluation of δ_i and thus of μ = ϱ (S^{−1}_C T_C ). Table 1 comprises the the computed values of δ_i for decreasing h and for three smoothing parameters ω.

n = 1/h ω = 0.5 ω = 1.0 ω = 1.5 4 3.6368 E-2 2.9302 E-3 6.6638 E-2 8 1.2118 E-1 1.5418 E-2 8.9133 E-2 16 2.8438 E-1 3.9860 E-2 9.5985 E-2 32 5.9469 E-1 8.5136 E-2 9.7809 E-2 64 1.2034 1.7312 E-1 9.8276 E-2 128 2.4141 3.4767 E-1 9.8395 E-2 256 4.8319 6.9606 E-1 9.8428 E-2 512 9.6656 1.3925 1.9639 E-1 1024 19.332 2.7852 3.9288 E-1

Table 1: Calculation of δ_i for the full two-grid operator

Note that the maximum in (17) always occurs at l_{max} = 1. The results presented suggest the following

Conjecture 1 Consider the model problem 1 (cf. Figure 1). Suppose the full two-grid operator with bilinear interpolation and ω-Jacobi smoothing is used as M_I . Then the spectral radius μ = ϱ (S^{−1}_C T_C ) apparently grows like O(h^{−1}) as h → 0.

Remark 1 The growth of μ = O(h^{−1}) is obvious for ω = 0.5 and ω = 1.0. In order to understand the different behaviour for ω = 1.5 we have to look at equation (17). The two diagonal entries of D^{−1}_{[1]} H_{[1]} behave differently (in the numerical test). The right lower entry (related to u_C = μ_{n−1}) seems to be bounded and dominates the spectral radius if n ≤ 256. The left upper entry however (related to u_C = μ_1) grows like O(h^{−1}) and takes over for n > 256.

Remark 2 The dependence of δ_i on the smoothing parameter ω is shown in Figure 3. Four different mesh sizes h = 1/n are considered.

Figure 3: Dependence of δ_i on ω for different h

Remark 3 For the multigrid method discussed here bilinear interpolation and the transposed restriction is assumed. The common FEM interpolation is not investigated since then (to our knowledge) no useful Fourier analysis of the coarse grid correction matrix C is possible.

4.3 Analysis of a special full two-grid operator

For the special case where the smoothing parameter is chosen to be ω = 1 a proof of the growth of μ can be established.

Theorem 2 Consider the model problem 1 and the full two-grid operator as M_I . Suppose that bilinear interpolation and ω-Jacobi smoothing with ω = 1 is used. Then the behaviour of the spectral radius is μ = ϱ (S^{−1}_C T_C ) ≥ O(h^{−1}) as h → 0.

Proof: For convenience we assume that n ≥ 8 is a multiple of 4.

Let the upper index (in parentheses) of a matrix or a vector refer to the corresponding entry. With this notation we have

δ_i = max_{[l]} ϱ ( D^{−1}_{[l]} H_{[l]} ) ≥ ϱ ( D^{−1}_{[1]} H_{[1]} ) ≥ ( D^{(1,1)}_{[1]} )_{−1} · H^{(1,1)}_{[1]}

≈ 1 4 √ s^2_1 + s_1 · ∑ [k] G^{(1,1)}_{[k,1]} ≥ 1 4 √ s^2_1 + s_1 · n/2−1∑

n/4 G^{(1,1)}_{[k,1]} .

since H_{[1]} is symmetric. Additionally Λ_{[k,1]} and thus G_{[k,1]} (and H_{[1]}) are positively semidefinit, and therefore G^{(1,1)}_{[k,1]} ≥ 0.

We restrict k to values n/4 ≤ k < n/2 and aim for a bound of G^{(1,1)}_{[k,1]} for such k. For simplicity we will omit the index quadruplet [k, 1] of the matrices G_{[k,1]}, Λ_{[k,1]}, Θ_{[k,1]}, C_{[k,1]} and Γ_{[k,1]}. From (15) we obtain

G_{[k,1]} = G = Γ^T · C^T Θ C^T Θ · Λ · Θ C Θ C · Γ and G^{(1,1)} = e^T_1 · G · e_1

with e_1 := (1, 0)^T being the first unitary vector. Utilizing the trigonometric identities we conclude

Γ · e_1 = ( − μ_k(n − 1) λ_{k,1} , − μ_k′ (n − 1) λ_k′_{,l} , 0 , 0 )_T

= √ 2h · (−1)^k · sin(kπh) · ( 1 λ_{k,1} , 1 λ_k′_{,1} , 0 , 0 )_T

=: η · d with the new notation

η^2 := 2h · sin^2(kπh) = 8h · s_kc_k and d := ( 1 λ_{k,1} , 1 λ_k′_{,1} , 0 , 0 )_T . This leads to

G^{(1,1)} = η^2 · d^T C^T · Θ C^T Θ · Λ · Θ C Θ · C d = η^2 · b^T · A^T · Λ · A · b

with A := Θ C Θ ∈ R^{4×4} and b := C d ∈ R^4 . All entries of the diagonal matrix Λ are positive. This implies

G^{(1,1)} = η^2 · 4∑ j=1 ( b^T A^T )_{(j)} · Λ^{(j)} · (A b)^{(j)}

≥ η^2 · ( b^T A^T )_{(1)}

· Λ^{(1)} · (A b)^{(1)} = η^2 · λ_{k,1} · ( (A b)^{(1)}

)_2 . The first entry of A · b can be written as

(A b)^{(1)} = (1, 0, 0, 0) · A · b = e^T_1 A · b

with e_1 := (1, 0, 0, 0)^T being the first unitary vector. We will now investigate the vectors e^T_1 A and b.

Let us start with e^T_1 A = e^T_1 ·Θ C Θ =: (a_1 , a_2 , a_3 , a_4). We perform one ω-Jacobi smoothing step with ω = 1. The corresponding matrix Θ becomes

Θ = I − ω 4 Λ = diag {c_k − s_1 , s_k − s_1 , c_k − c_1 , s_k − c_1} .

In (9) the coarse grid correction matrix C = I − R · c c^T Λ has been derived. A cumbersome but straight-forward calculation results in

e^T_1 · Θ C Θ =

(c_k − s_1)^2 − (c^k − s^1) · c^kc^1 s_kc_k + s_1c_1 c^kc^1 · (s^k + s^1) · (c^k − s^1) (c_k − s_1) · c_kc_1

s_kc_k + s_1c_1 s^kc^1 · (c^k + s^1) · (s^k − s^1)

− (c^k − s^1) · c^kc^1 s_kc_k + s_1c_1 c^ks^1 · (s^k + c^1) · (c^1 − c^k) (c_k − s_1) · c_kc_1

s_kc_k + s_1c_1 s^ks^1 · (c^k + c^1) · (c^1 − s^k)

T

Using 0 < s_1 ≤ s_k < 1/2 < c_k ≤ c_1 < 1 we obtain the inequalities

c^2_kc^2_1 s_k + s_1 s_kc_k + s_1c_1

≤ c_kc^2_1 s_kc_k + s_1c_k s_kc_k + s_1c_1 ≤ c_k and a_1 = (c_k − s_1)^2 · ( 1 − c^2_kc^2_1 s_k + s_1 s_kc_k + s_1c_1 )

≥ (c_k − s_1)^2 · (1 − c_k) = s_k · (c_k − s_1)^2

≥ s_k · (c n_{2 −1} − s_1)^2 = s_k · ( cos^2(( n 2 − 1)πh/2) − sin^2(πh/2)

)_2

= s_k · 1 2 cos^2 (π 4 − πh ) ≥ 1 4 s_k . Analogously the following bounds of the other entries a_2 . . . a_4 are derived: 1 4 s^k ≤ a^1 1 4 s^k ≤ a^2 for k ≥ n/4 −s_1 ≤ a_3 ≤ 0

0 ≤ a_4 ≤ 2s_1

The vector b = C d =: (b_1 , b_2 , b_3 , b_4)^T is dealt with in a similar manner. From the expansion of C and d we conclude

b = 1 4 ·

1 s_k + s_1 − c_1 · (c_k − s_k) s_kc_k + s_1c_1 · c^kc^1 1 c_k + s_1 + c_1 · (c_k − s_k) s_kc_k + s_1c_1 · s^kc^1 c_1 · (c_k − s_k) s_kc_k + s_1c_1 · c^ks^1

− c^1 · (c^k − s^k) s_kc_k + s_1c_1 · s^ks^1

As above, we similarly obtain 1 4 ≤ b^1 1 4 ≤ b^2 0 ≤ b_3 ≤ 18

− 164 ≤ b_4 ≤ 0

These estimates for a_j and b_j result in

(A b)^{(1)} = e^T_1 A · b = 4∑ j=1 a_j · b_j ≥ 1 8 s_k − 5 32 s_1

(A b)^{(1)} ≥ 1 16 s_k if k ≥ n/4 , n ≥ 8 and G^{(1,1)} ≥ η^2 · λ_{k,1} · ( (A b)^{(1)}

)_2

≥ 8h · s_kc_k · 4(s_k + s_1) · 1 256 s^2_k ≥ 1 4 h · s^4_k if k ≥ n/4 , n ≥ 8 Now the matrix entry H^{(1,1)}_{[1]} can be bounded according to

H^{(1,1)}_{[1]} = H^{(1,1)} = ∑ [k] G^{(1,1)} > n/2−1∑

k=n/4 G^{(1,1)} > 1 4 n/2−1∑

k=n/4 h · ( sin^2(kπh/2)

)_4

> 1 4 ∫ 1_{2 −} 1_n 1 4 −^1_n

sin^8( π 2 x) > 0.0001 for n ≥ 8 .

Since s_1 = sin^2(π ∗ h/2) = O(h^2) we conclude 4 √ s^2_1 + s_1 = O(h)

and δ_i ≥ 1 4 √ s^2_1 + s_1

· H^{(1,1)}_{[1]} = O(h^{−1}) .

Thus the desired spectral radius μ = 2δ_i grows (at least) like O(h^{−1}) as h → 0.

5 Numerical experiments

We apply the parallel preconditioned cg algorithm (ppcg) to model problem 1 and 2, respectively [12, 13]. We utilize the preconditioner C of (1) C = ( I_C K_{CI} B^{−T}_I O I_I ) ( C_C O O C_I ) ( I_C O B^{−1}_I K_{IC} I_I ) , where B_I is defined either by multigrid or full multigrid and C_I and C_C are given below.

After investigating μ = ϱ (S^{−1}_C T_C ) in section 4 we now focus on the number of ppcg iterations that are required to reach a given relative accuracy (ε = 10^{−6}). This number of iterations and μ are linked via the spectral condition number κ(C^{−1}K) (cf. section 3 and equation (2) for the theoretical background).

Our experiments are twofold. The first part of this section is devoted solely to the verification of our model problem analysis. The remaining part contains the actual comparison of the ppcg iteration numbers for both the multigrid and full multigrid basis transformation.

Finally let MG and FMG denote multigrid and full multigrid.

5.1 Verification of the model problem analysis

Here we only verify the model problem analysis of section 4 by applying the ppcg algorithm to model problem 1. The three components of the preconditioner C of (1) are as follows:

• The basis transformation B_I is defined by one full two-grid step. Three different parameters of the ω-Jacobi smoother are tested.

• The well-known Dryja preconditioner serves as C_C .

• We set C_I := K_I .

Let h be the coarse grid mesh size. The last two components ensure γ / γ = O(1). B_I has been investigated in section 4, and the theoretical results are comprised in Table 1, in conjecture 1, in Figure 3, and in theorem 2. They strongly suggest μ = ϱ (S^{−1}_C T_C ) = O(h^{−1}) as h → 0. According to (2) we expect the number of cg-iterations to be O( √ κ(C^{−1}K) = O(μ^{1/2}).

The computed values of μ = 2δ_i are contained in Table 1. Hence for ω = 0.5 and ω = 1.0 the number of iterations should be O(h^{−1/2}) as h → 0.. For ω = 1.5 we expect bounded iteration numbers for h ≥ 1/256; for smaller h the iteration numbers should grow as O(h^{−1/2}). Table 2 presents the numerical results.

n = 1/h 4 8 16 32 64 128 256 512

ω = 0.5 5 7 8 10 12 18 23 37 ω = 1.0 5 6 6 7 7 9 10 13 ω = 1.5 5 7 7 8 7 7 7 8

Table 2: Number of cg-iterations for the full two-grid operator

For a fixed ω the iteration numbers show the anticipated behaviour and thus verify the model problem analysis.

5.2 Comparison of multigrid versus full multigrid

These practical computations concentrate on the number of pccg iterations. The three components B_I , C_I and C_C of the preconditioner (1) have been discussed briefly in section 3. Here they are defined as follows:

• B_I is defined by multigrid or full multigrid, respectively. We employ the V cycle with one ω Jacobi pre- and post-smoothing sweep.

• C_I is defined by the W multigrid cycle with two Gauss Seidel pre- and post-smoothing sweeps.

• For C_C the Dryja preconditioner [5] and the BPS preconditioner (cf. [2]) are utilized in model problem 1 and 2, respectively.

Note that (in contrast to the model problem analysis) the multigrid algorithms use the usual FEM interpolation and restriction between successive grids.

In our tests we compare the multigrid and the full multigrid method for defining the basis transformation B_I . Stimulated by the results of the full two-grid operator different parameters of the ω-Jacobi smoother are investigated.

Additionally we apply exact solvers B_I = C_I := K_I . Then C_C solely influences the preconditioner C, and the iteration numbers obtained here thus measure the spectral equivalence constants of C_C to S_C .

The MG and FMG methods are performed on 2 to 8 nested grids. In our numerical tests two different types of triangulation are considered for either model problem. All four coarsest grids are depicted in Figures 4 and 5. The standard triangulation basically confirms the theoretical analysis but the criss-cross pattern illustrates the strong influence of the triangulation on the iteration numbers and the optimal smoothing parameter ω.

Figure 4: Coarse grids of model problem 1, standard and criss-cross triangulation

Figure 5: Coarse grids of model problem 2, standard and criss-cross triangulation

5.2.1 Model problem 1, standard triangulation

In the second column of Table 3 we consider the special case of exact solvers (B_I = C_I = K_I ). The bounded iteration numbers confirm the spectral equivalence of C_C to S_C .

In all other columns the three components B_I , C_I , and C_C are chosen as described above. The iteration numbers are compared for the MG and FMG basis transformation, respectively, and for different smoothing parameters ω of B_I . We observe that the cg iteration numbers depend heavily on the proper choice of ω. The best iteration numbers are obtained with ω ≈ 1.2 . . . 1.5. This corresponds to the theoretical results of the full two-grid operator (cf. Figure 3). Thus the theoretical results obtained there can be generalized (to some extent) to the full multigrid operator.

For a fixed ω ≤ 1.5 the comparison reveals that FMG requires less (or no more) iterations than multigrid. Finally, Table 4 summarized the degrees of freedom and the computational time for ω = 1.5.

B_I defined by multigrid

B_I = C_I smoothing parameter ω # Grids = K_I 0.5 0.8 1.0 1.3 1.5 1.7 2 3 6 5 5 6 7 8 3 5 8 7 7 7 9 10 4 5 10 9 8 8 9 11 5 5 15 11 9 8 10 12 6 4 21 14 11 9 10 12 7 4 32 20 14 10 10 12 8 3 50 30 20 12 10 12

B_I defined by full multigrid

B_I = C_I smoothing parameter ω # Grids = K_I 0.5 0.8 1.0 1.3 1.5 1.7 2 3 6 5 5 6 7 7 3 5 8 7 7 7 8 10 4 5 10 8 7 7 9 12 5 5 13 9 8 8 9 13 6 4 18 11 9 8 9 14 7 4 24 14 10 8 9 15 8 3 35 19 13 8 9 16

Table 3: Model problem 1, standard triangulation, # cg iterations

5.2.2 Model problem 1, criss-cross triangulation

Here we present a similar comparison as above and draw similar conclusions.

For a fixed ω ≤ 1.2 full multigrid performs better (or not worse) than multigrid in terms of iteration numbers. Table 6 summarized the degrees of freedom and the computational time for ω = 1.0.

The theoretical results of the full two-grid operator cannot be extended to this case since the whole analysis is based on the standard triangulation (which, in turn, implies a different stiffness matrix). The numerical results strengthen this point since the optimal smoothing parameter ω = 1.0 is smaller than with the standard triangulation.

A comparison of the iteration numbers for both types of the triangulation reveals its strong dependence on the coarse grid and on the smoothing parameter ω.

5.2.3 Model problem 2, standard triangulation

The increasing iteration numbers of the second column of Table 7 (exact solvers B_I = C_I = K_I ) confirm the growing spectral equivalence constants of the BPS preconditioner C_C to S_C .

For the comparison of MG and FMG, and for different ω, there hold exactly the same conclusions as for the corresponding model problem 1. Table 8 comprises the degrees of freedom and the computational time for ω = 1.5.

B_I by multigrid B_I by full multigrid # Grids DoF # iterations time # iterations time 2 45 7 0.1 7 0.1 3 153 9 0.1 8 0.1 4 561 9 0.1 9 0.1 5 2 145 10 0.5 9 0.5 6 8 385 10 2.3 9 2.5 7 33 153 10 9.7 9 10.6 8 131 841 10 39.8 9 44.3

Table 4: Model problem 1, standard triangulation, # cg iterations and time for ω = 1.5

5.2.4 Model problem 2, criss-cross triangulation

The iteration numbers of the MG and FMG method are presented in Table 9. Again the same conclusions as for the corresponding model problem 1 can be drawn. Table 10 comprises the degrees of freedom and the computational time for ω = 1.0.

The strong dependence of the iteration numbers on the triangulation and the smoothing parameter ω is even more obvious for this model problem 2.

6 Summary

Aim of this work was the analysis of efficient, cheap and parallel preconditioners C based on domain decomposition and especially on the Additive Schwarz Method. Starting with known theoretical and practical results the importance of the occurring basis transformation B_I has been pointed out in section 3. The influence of B_I on μ = ϱ (S^{−1}_C T_C ) and thus on κ(C^{−1}K) and the number of cg iterations has been shown. Our investigation has been focused on the full multigrid method in order to define B_I , with special emphasis on the behaviour of μ = ϱ (S^{−1}_C T_C ) as h → 0.

The model problem analysis of section 4 could only be carried out for the full two-grid operator and the model problem 1. The numerical analysis suggested strongly μ = O(h^{−1}). A proof has been established for a smoothing parameter ω = 1.0.

The first part of the numerical experiments verified our analysis. In the second part the full multigrid and the multigrid basis transformation were compared for both model problems. As anticipated the cg iteration numbers grew slower with the first method. Additionally the strong dependence of the iteration numbers on the triangulation and the smoothing parameter ω has

B_I defined by multigrid

B_I = C_I smoothing parameter ω # Grids = K_I 0.5 0.8 0.9 1.0 1.1 1.2 1.5 2 2 4 3 3 3 3 4 4 3 2 6 5 5 5 5 6 7 4 3 8 6 6 6 6 7 11 5 3 9 7 6 6 6 8 15 6 4 12 7 7 6 7 8 21 7 3 15 7 7 6 7 9 32 8 3 20 8 7 6 7 11 49

B_I defined by full multigrid

B_I = C_I smoothing parameter ω # Grids = K_I 0.5 0.8 0.9 1.0 1.1 1.2 1.5 2 2 4 3 3 3 3 4 4 3 2 6 5 5 5 5 6 7 4 3 7 6 5 5 6 7 11 5 3 8 5 5 5 6 8 18 6 4 9 5 5 5 6 8 27 7 3 11 5 5 5 6 9 45 8 3 13 5 5 4 7 10 73

Table 5: Model problem 1, criss-cross triangulation, # cg iterations been pointed out.

References

[1] Sixth International Conference on Domain Decomposition Methods in Science and Engineering: Abstracts, 1992. Como, June 15-19, 1992.

[2] J. H. Bramble, J. E. Pasciak, and A. H. Schatz. The construction of preconditioners for elliptic problems by substructuring. I-IV. Math. Comput., 47, 49, 51, 53(175, 179):103–234, 1–16, 415–430, 1–24, 1986, 1987, 1988, 1989.

[3] T. F. Chan, R. Glowinski, J. Périaux, and O. B. Widlund, editors. Second International Symposium on Domain Decomposition Methods for Partial Differential Equations, Philadelphia, 1989. SIAM. Los Angeles, California, January 14-16, 1988.

[4] T. F. Chan, R. Glowinski, J. Périaux, and O. B. Widlund, editors. Third International Symposium on Domain Decomposition Methods for Partial Differential Equations, Philadelphia, 1990. SIAM. Houston, March 20-22, 1989.

[5] M. Dryja. A capacitance matrix method for Dirichlet problems on polygonal regions. Numer. Math., 39(1):51–64, 1982.

[6] M. Dryja and O. B. Widlund. Towards a unified theory of domain decomposition algorithms for elliptic problems. In [4], pages 3–21. SIAM, Philadelphia, 1990.

[7] R. Glowinski, G. H. Golub, G. A. Meurant, and J. Périaux, editors. First International Symposium on Domain Decomposition Methods for Partial Differential Equations, Philadelphia, 1988. SIAM. Paris, January 1987.

[8] R. Glowinski, Y. A. Kuznetsov, G. A. Meurant, and J. Periaux, editors. Domain decomposition methods for partial differential equations, Philadelphia, 1991. SIAM. Proc. of the 4th International Symposium, Moscow, 1990.

[9] G. H. Golub and D. Mayers. The use of preconditiong over irregular subregions. In R. Glowinski and J. L. Lions, editors, Computing Methods in Applied Sciences and Engineering VI, pages 3–14, Amsterdam, 1984. North-Holland.

[10] G. Haase. Die nichtüberlappende Gebietszerlegungsmethode zur Parallelisierung und Vorkonditionierung iterativer Verfahren. PhD thesis, Fakultät für Mathematik und Naturwissenschaften, Technische Universität Chemnitz–Zwickau, 1993.

B_I by multigrid B_I by full multigrid # Grids DoF # iterations time # iterations time 2 17 3 0.1 3 0.1 3 59 5 0.1 5 0.1 4 239 6 0.1 5 0.1 5 983 6 0.2 5 0.2 6 4 007 6 0.7 5 0.7 7 16 199 6 3.0 5 3.2 8 65 159 6 12.7 4 11.2

Table 6: Model problem 1, criss-cross triangulation, # cg iterations and time for ω = 1.0

[11] G. Haase. Hierarchical Extension Operators plus Smoothing in Domain Decomposition Preconditioners. Report 497, Johannes Kepler University Linz, Institute of Mathematics, 1995.

[12] G. Haase, U. Langer, and A. Meyer. The approximate Dirichlet domain decomposition method. part I,II. Computing, 47:137–167, 1991.

[13] G. Haase, U. Langer, and A. Meyer. Domain decomposition preconditioners with inexact subdomain solvers. J. of Num. Lin. Alg. with Appl., 1(1):27–41, 1992.

[14] G. Haase, U. Langer, A. Meyer, and S. V. Nepomnyaschikh. Hierarchical extension operators and local multigrid methods in domain decomposition preconditioners. East–West J. Numer. Math., 2(3):173–193, 1994.

[15] W. Hackbusch, editor. Parallel Algorithms for Partial Differential Equations, Braunschweig, 1991. Vieweg. Proceedings of the Sixth GAMM-Seminar, Kiel, January 19-21, 1990.

[16] W. Hackbusch and U. Trottenberg, editors. Multigrid Methods, Lect. Notes in Mathe. 960, Berlin, 1982. Springer. Proceedings of the Conference held at Köln-Porz, Nov. 23-27, 1981.

[17] M. Jung, U. Langer, A. Meyer, W. Queck, and M. Schneider. Multigrid preconditioners and their applications. In G. Telschow, editor, Third Multigrid Seminar, Biesenthal 1988, pages 11–52, Berlin, 1989. Karl–Weierstraß–Institut. Report R–MATH–03/89.

[18] D. E. Keyes, T. F. Chan, G. A. Meurant, J. S. Scroggs, and R. G. Voigt, editors. Domain Decomposition Methods for Partial Differential Equations, Philadelphia, 1992. SIAM. Proc. of the 5th International Symposium, Norfolk, Va., 1991.

B_I defined by multigrid

B_I = C_I smoothing parameter ω # Grids = K_I 0.5 0.8 1.0 1.3 1.5 1.7 2 10 16 12 12 12 15 18 3 11 25 19 16 15 17 22 4 11 39 28 22 17 19 23 5 12 67 41 30 21 21 25 6 13 116 61 45 27 25 27 7 14 199 101 64 35 28 30 8 15 — 170 102 49 35 32

B_I defined by full multigrid

B_I = C_I smoothing parameter ω # Grids = K_I 0.5 0.8 1.0 1.3 1.5 1.7 2 10 15 12 11 12 14 18 3 11 24 16 13 13 16 22 4 11 33 22 16 15 18 27 5 12 48 29 22 17 19 30 6 13 75 40 28 19 20 33 7 14 124 60 37 22 21 37 8 15 194 96 56 27 23 44

Table 7: Model problem 2, standard triangulation, # cg iterations

[19] D. E. Keyes and J. Xu. Domain Decomposition Methods in Scientific and Engineering Computing: Proceedings of the Seventh International Conference on Domain Decomposition, volume 180 of Contemporary Mathematics. American Mathematical Society, Providence, Rhode Island, 1994.

[20] G. Kunert. On the choice of the basis transformation for the definition of DD Dirichlet preconditioners. Preprint SPC 94 9, Technische Universität Chemnitz–Zwickau, Fakultät für Mathematik, 1994.

[21] S. V. Nepomnyaschikh. Optimal multilevel extension operators. Preprint SPC 95 3, Technische Universität Chemnitz–Zwickau, Fakultät für Mathematik, 1995.

[22] A. A. Samarskij and E. S. Nikolajev. Numerical Methods for Grid Equations. Vol. I: Direct Methods. Birkhäuser, Basel Boston Berlin, 1989.

[23] H. A. Schwarz. Über einige Abbildungsaufgaben. Gesammelte Mathemathische Abhandlungen, volume 2. Springer, Bonn, 1890. First published in ”Vierteljahresschrift der Naturforschenden Gesellschaft in Zürich” 1870, v.15, pp 272-286.

B_I by multigrid B_I by full multigrid # Grids DoF # iterations time # iterations time 2 289 15 0.2 14 0.2 3 1 089 17 0.2 16 0.2 4 4 225 19 0.4 18 0.4 5 16 641 21 1.2 19 1.2 6 66 049 25 5.5 20 5.4 7 263 169 28 25.9 21 24.0 8 1 050 625 35 130.6 23 107.1

Table 8: Model problem 2, standard triangulation, # cg iterations and time for ω = 1.5

B_I defined by multigrid

B_I = C_I smoothing parameter ω # Grids = K_I 0.5 0.8 0.9 1.0 1.1 1.2 1.5 2 8 10 8 9 9 10 10 13 3 9 13 11 11 11 12 15 30 4 10 19 12 12 12 14 18 47 5 10 25 14 13 14 16 23 75 6 12 38 18 15 14 18 27 119 7 13 58 21 17 16 20 35 196 8 14 95 26 19 17 24 47 —

B_I defined by full multigrid

B_I = C_I smoothing parameter ω # Grids = K_I 0.5 0.8 0.9 1.0 1.1 1.2 1.5 2 8 10 8 9 9 10 10 13 3 9 13 11 11 11 12 15 30 4 10 16 11 11 12 14 18 71 5 10 19 13 12 12 16 22 122 6 12 27 14 14 14 17 27 — 7 13 37 15 15 15 19 34 — 8 14 55 17 17 16 23 45 —

Table 9: Model problem 2, criss-cross triangulation, # cg iterations

B_I by multigrid B_I by full multigrid # Grids DoF # iterations time # iterations time 2 129 9 0.1 9 0.1 3 497 11 0.1 11 0.1 4 2 001 12 0.2 12 0.2 5 8 081 14 0.5 12 0.5 6 32 529 14 1.6 14 1.9 7 130 577 16 7.5 15 8.6 8 523 281 17 32.7 16 38.1

Table 10: Model problem 2, criss-cross triangulation, # cg iterations and time for ω = 1.0